
Ç ‡·ÓÚ‡ı [1, 2] ÔË ÏÓ‰ÂÎËÓ‚‡ÌËË ÍËÒÚ‡Î-
ÎË˜ÂÒÍËı ‰ËÒÍÎËÌ‡ˆËÈ ÏÂÚÓ‰‡ÏË ÏÓÎÂÍÛÎflÌÓÈ
‰ËÌ‡ÏËÍË ÛÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ fl‰Ó ‰ËÒÍÎËÌ‡ˆËË
ÏÓÊÂÚ ‚˚ÒÚÛÔ‡Ú¸ Í‡Í ÒÚÓÍ, Ì‡ ÍÓÚÓÓÏ ÔË ‰ÓÒ-
ÚËÊÂÌËË ÍËÚË˜ÂÒÍÓÈ ÍÓÌˆÂÌÚ‡ˆËË ‚‡Í‡ÌÒËÈ
Á‡ÓÊ‰‡ÂÚÒfl ÔÓ‡. Ç ‡·ÓÚ‡ı [3, 4] ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ
Á‡‰‡˜Ë Ó ‡‚ÌÓ‚ÂÒËË ÌÂÎËÌÂÈÌÓ-ÛÔÛ„Ëı ÚÂÎ Ò
‰ËÒÎÓÍ‡ˆËflÏË Ë ‰ËÒÍÎËÌ‡ˆËflÏË ÏÓ„ÛÚ ËÏÂÚ¸ Ú‡Í
Ì‡Á˚‚‡ÂÏ˚Â ÒËÌ„ÛÎflÌ˚Â Â¯ÂÌËfl, ÓÔËÒ˚‚‡˛-
˘ËÂ Ó·‡ÁÓ‚‡ÌËÂ ÔÓÎÓÒÚË ‚‰ÓÎ¸ ÓÒË ‰ÂÙÂÍÚ‡ ‚
‰ÂÙÓÏËÓ‚‡ÌÌÓÏ ÚÂÎÂ. Ç [4] ‰Îfl ÌÂÒÊËÏ‡ÂÏ˚ı
ÌÂÎËÌÂÈÌÓ-ÛÔÛ„Ëı Ï‡ÚÂË‡ÎÓ‚ ‚˚‚Â‰ÂÌÓ ËÌÚÂ-
„‡Î¸ÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ, ÔÓÁ‚ÓÎfl˛˘ÂÂ ÓÔÂ‰Â-
ÎflÚ¸ ‡‰ËÛÒ Ó·‡ÁÛ˛˘ÂÈÒfl ÔÓÎÓÒÚË ‚ Á‡‚ËÒËÏÓ-
ÒÚË ÓÚ ÏÓ‰ÂÎË Ï‡ÚÂË‡Î‡ Ë Ô‡‡ÏÂÚÓ‚ ‰ÂÙÂÍÚ‡.
ìÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ ÒÓÒÚÓflÌËÂ Ò ÔÓÎÓÒÚ¸˛, Í‡Í
Ô‡‚ËÎÓ, fl‚ÎflÂÚÒfl ˝ÌÂ„ÂÚË˜ÂÒÍË ·ÓÎÂÂ ‚˚„Ó‰-
Ì˚Ï. äÓÂÍÚÌ˚È ‡Ì‡ÎËÁ ‚ÓÔÓÒÓ‚, Ò‚flÁ‡ÌÌ˚ı Ò
Ó·‡ÁÓ‚‡ÌËÂÏ ÔÓÎÓÒÚÂÈ, ÚÂ·ÛÂÚ Û˜ÂÚ‡ ÔÓ‚Âı-
ÌÓÒÚÌ˚ı ˝ÙÙÂÍÚÓ‚, Ú.Â. Í‡Í ÏËÌËÏÛÏ Û˜ÂÚ‡ ‚
‡Á‡·‡Ú˚‚‡ÂÏÓÈ ÚÂÓËË ÔÓ‚ÂıÌÓÒÚÌÓÈ ˝ÌÂ-
„ËË. ÑÎfl ˝ÚÓ„Ó Ì‡ ÔËÏÂÂ Á‡‰‡˜Ë Ó ÍÎËÌÓ‚ÓÈ
‰ËÒÍÎËÌ‡ˆËË ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‰‡Ì ÓÚÎË˜Ì˚È
ÓÚ ËÁÎÓÊÂÌÌÓ„Ó ‚ [4] Ë ÓÒÌÓ‚‡ÌÌ˚È Ì‡ ˝ÌÂ„ÂÚË-
˜ÂÒÍËı ÒÓÓ·‡ÊÂÌËflı ÒÔÓÒÓ· ‚˚‚Ó‰‡ ÒÓÓÚÌÓ¯Â-
ÌËfl ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ‡‰ËÛÒ‡ ÔÓÎÓÒÚË, Ó·‡ÁÛ˛-
˘ÂÈÒfl ÓÍÓÎÓ ÓÒË ‰ÂÙÂÍÚ‡. èÓÒÍÓÎ¸ÍÛ ÓÍÂÒÚ-
ÌÓÒÚ¸ ÓÒË ‰ËÒÍÎËÌ‡ˆËË – Ú‡Í Ì‡Á˚‚‡ÂÏÓÂ fl‰Ó –
·ÂÁÛÒÎÓ‚ÌÓ, ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ Ó·Î‡ÒÚ¸ ‚˚ÒÓ-
ÍÓÈ ÍÓÌˆÂÌÚ‡ˆËË Ì‡ÔflÊÂÌËÈ, Û˜ÂÚ ˝ÙÙÂÍÚÓ‚
ÏËÍÓÒÚÛÍÚÛ˚ ÔË ÂÂ ËÁÛ˜ÂÌËË ‚ ‡ÏÍ‡ı ÍÓÌ-
ÚËÌÛ‡Î¸ÌÓÈ ÏÂı‡ÌËÍË ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ÂÒ¸Ï‡ 
‡ÍÚÛ‡Î¸Ì˚Ï. Ö˘Â Ó‰ÌËÏ Ù‡ÍÚÓÓÏ, Ò‚Ë‰ÂÚÂÎ¸ÒÚ-

‚Û˛˘ËÏ Ó· ‡ÍÚÛ‡Î¸ÌÓÒÚË Û˜ÂÚ‡ ÏËÍÓÒÚÛÍÚÛ˚
‚ ÚÂÓËË ÛÔÛ„Ëı ‰ËÒÎÓÍ‡ˆËÈ, fl‚ÎflÂÚÒfl ËÒÔÓÎ¸-
ÁÓ‚‡ÌËÂ ˝ÚÓÈ ÚÂÓËË ÔË ÓÔËÒ‡ÌËË Ì‡ÌÓÓ·˙ÂÍ-
ÚÓ‚ [5]. èÓÒÚÂÈ¯ËÏ ÒÔÓÒÓ·ÓÏ Û˜ÂÚ‡ ÒÚÛÍÚÛ˚
‚ ‡ÏÍ‡ı ÚÂÓËË ÛÔÛ„ÓÒÚË fl‚ÎflÂÚÒfl ËÒÔÓÎ¸ÁÓ-
‚‡ÌËÂ ÒÂ‰˚ Ò ÏÓÏÂÌÚÌ˚ÏË Ì‡ÔflÊÂÌËflÏË – 
ÏÓ‰ÂÎË äÓÒÒÂ‡ [6, 7], ‡ÒÔÓÒÚ‡ÌÂÌËÂ ÍÓÚÓ-
ÓÈ Ì‡ ÒÎÛ˜‡È ·ÓÎ¸¯Ëı ‰ÂÙÓÏ‡ˆËÈ ÔÂ‰ÎÓÊÂ-
ÌÓ ‚ [8, 9]. Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ËÁÛ˜ÂÌÓ ‚ÎËflÌËÂ
Û˜ÂÚ‡ ÏÓÏÂÌÚÌ˚ı Ì‡ÔflÊÂÌËÈ Ì‡ ‚ÓÁÏÓÊÌÓÒÚ¸
ÔÓÓÓ·‡ÁÓ‚‡ÌËfl ‚ÓÍÛ„ ÓÒË ÌÂÎËÌÂÈÌÓ-ÛÔÛ„Ó-
„Ó ˆËÎËÌ‰‡ Ò ÍÎËÌÓ‚ÓÈ ‰ËÒÍÎËÌ‡ˆËÂÈ. éÔËÒ‡Ì-
Ì˚Â ‚˚¯Â ËÒÒÎÂ‰Ó‚‡ÌËfl ÔÓ‚Â‰ÂÌ˚ ‚ ‡ÏÍ‡ı
ÌÂÎËÌÂÈÌÓÈ ÚÂÓËË ÛÔÛ„ÓÒÚË ÌÂÒÊËÏ‡ÂÏ˚ı
Ï‡ÚÂË‡ÎÓ‚. èÓÍ‡Á‡ÌÌ‡fl ‚ ‡·ÓÚÂ ‚ÓÁÏÓÊ-
ÌÓÒÚ¸ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ‡Á˚‚ÌÓ„Ó Â¯ÂÌËfl ÔË
ËÒÔÓÎ¸ÁÓ‚‡ÌËË ‰Îfl ÓÔËÒ‡ÌËfl ÛÔÛ„Ëı Ò‚ÓÈÒÚ‚
ˆËÎËÌ‰‡ ÏÓ‰ÂÎË ÅÎÂÈÚˆ‡ Ë äÓ [10] (ÒÊËÏ‡ÂÏÓ-
„Ó Ï‡ÚÂË‡Î‡) ‰ÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ Ó·‡ÁÓ‚‡ÌËÂ 
ÔÓÎÓÒÚË ÌÂ fl‚ÎflÂÚÒfl ÒÎÂ‰ÒÚ‚ËÂÏ „ËÔÓÚÂÁ˚ Ó ÌÂ-
ÒÊËÏ‡ÂÏÓÒÚË.

çÖëÜàåÄÖåõÖ  åÄíÖêàÄãõ

ê‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘Û˛ ‰ÂÙÓÏ‡ˆË˛ ÒÔÎÓ¯-
ÌÓÈ ÒÂ‰˚:

R = R(r),

Φ = �ϕ, (1)

Z = z.

á‰ÂÒ¸ r, ϕ, z – ˆËÎËÌ‰Ë˜ÂÒÍËÂ ÍÓÓ‰ËÌ‡Ú˚ ‚ 
ÓÚÒ˜ÂÚÌÓÈ ÍÓÌÙË„Û‡ˆËË ÛÔÛ„Ó„Ó ÚÂÎ‡; R, Φ, Z –
ˆËÎËÌ‰Ë˜ÂÒÍËÂ ÍÓÓ‰ËÌ‡Ú˚ ‚ ÔÓÒÚ‡ÌÒÚ‚Â; 
� – ÔÓÎÓÊËÚÂÎ¸Ì‡fl ÔÓÒÚÓflÌÌ‡fl.
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ë ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‡ÁÎË˜Ì˚ı ÏÓ‰ÂÎÂÈ ÌÂÎËÌÂÈÌÓÈ ÚÂÓËË ÛÔÛ„ÓÒÚË ËÁÛ˜ÂÌ‡ ‚ÓÁÏÓÊÌÓÒÚ¸ 
Í‡‚ËÚ‡ˆËË – ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl Â¯ÂÌËfl, ÓÔËÒ˚‚‡˛˘Â„Ó Ó·‡ÁÓ‚‡ÌËÂ ÔÓÎÓÒÚË ‚ÓÍÛ„ ÓÒË ËÁÓÎËÓ-
‚‡ÌÌÓÈ ÍÎËÌÓ‚ÓÈ ‰ËÒÍÎËÌ‡ˆËË ‚ ÛÔÛ„ÓÏ ˆËÎËÌ‰Â. ê‡ÒÒÏÓÚÂÌ˚ ÏÓ‰ÂÎË ÌÂÒÊËÏ‡ÂÏÓÈ ÒÂ‰˚ Ë
ÔÓ‡Ì‡ÎËÁËÓ‚‡ÌÓ ÌÂÓ·ıÓ‰ËÏÓÂ ÛÒÎÓ‚ËÂ ‰Îfl ÙÛÌÍˆËË Û‰ÂÎ¸ÌÓÈ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË, ‰ÓÔÛÒÍ‡-
˛˘ÂÈ Ó·‡ÁÓ‚‡ÌËÂ ÔÓÎÓÒÚË. èÓ‚Â‰ÂÌÓ ËÒÒÎÂ‰Ó‚‡ÌËÂ ‚ÎËflÌËfl Û˜ÂÚ‡ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl
Ë ˝ÙÙÂÍÚÓ‚ ÏËÍÓÒÚÛÍÚÛ˚ Ì‡ ÔÓÓÓ·‡ÁÓ‚‡ÌËÂ. ë ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÍÓÌÍÂÚÌÓÈ ÏÓ‰ÂÎË ÒÊËÏ‡-
ÂÏÓ„Ó Ï‡ÚÂË‡Î‡ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ Ó·‡ÁÓ‚‡ÌËÂ ÔÓÎÓÒÚË ÌÂ fl‚ÎflÂÚÒfl ÒÎÂ‰ÒÚ‚ËÂÏ „ËÔÓÚÂÁ˚ Ó ÌÂÒÊË-
Ï‡ÂÏÓÒÚË.

1 ûÊÌ˚È ÙÂ‰Â‡Î¸Ì˚È ÛÌË‚ÂÒËÚÂÚ, êÓÒÚÓ‚-Ì‡-ÑÓÌÛ.



èÂÓ·‡ÁÓ‚‡ÌËÂ (1) ÓÔËÒ˚‚‡ÂÚ [11] ‡ÒÔÂ-
‰ÂÎÂÌËÂ ÔÂÂÏÂ˘ÂÌËÈ ‚ ÍÛ„Ó‚ÓÏ ˆËÎËÌ‰Â Ò
ÍÎËÌÓ‚ÓÈ ‰ËÒÍÎËÌ‡ˆËÂÈ. èË � < 1 ‚ ˆËÎËÌ‰,
ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ‡ÁÂÁ‡ÌÌ˚È ÔÓÎÛÔÎÓÒÍÓÒÚ¸˛
ϕ = 0, ‚‚Ó‰ËÚÒfl ÍÎËÌ Ò Û„ÎÓÏ ‡ÒÚ‚Ó‡ 2π(1 – �).
ÖÒÎË � > 1, ÚÓ ËÁ ˆËÎËÌ‰‡ ËÁ‚ÎÂÍ‡ÂÚÒfl ÒÂÍÚÓ
2π�–1 < ϕ < 2π, Í‡fl ÒÓÂ‰ËÌfl˛ÚÒfl. ê‡‰Ë‡Î¸Ì˚Â 
ÔÂÂÏÂ˘ÂÌËfl ÚÓ˜ÂÍ ˆËÎËÌ‰‡ ÓÔËÒ˚‚‡˛ÚÒfl
ÙÛÌÍˆËÂÈ R(r).

ÉÂÓÏÂÚË˜ÂÒÍËÂ ı‡‡ÍÚÂËÒÚËÍË ‰ÂÙÓÏ‡ˆËË
(„‡‰ËÂÌÚ ‰ÂÙÓÏ‡ˆËË C, ÏÂ‡ ‰ÂÙÓÏ‡ˆËË 
äÓ¯Ë–ÉËÌ‡ G, ÎÂ‚˚È ÚÂÌÁÓ ËÒÍ‡ÊÂÌËÈ U [10]),
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÔÂÓ·‡ÁÓ‚‡ÌË˛ (1), ÓÔÂ‰Â-
Îfl˛ÚÒfl ‚˚‡ÊÂÌËflÏË

(2)

(3)

(4)

„‰Â er, eϕ, ez Ë eR, eΦ, eZ – ÓÚ˚ ˆËÎËÌ‰Ë˜Â-
ÒÍËı ÍÓÓ‰ËÌ‡Ú ‚ ÓÚÒ˜ÂÚÌÓÈ Ë ‡ÍÚÛ‡Î¸ÌÓÈ ÍÓÌ-
ÙË„Û‡ˆËflı ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; ¯ÚËı Á‰ÂÒ¸ Ë ÌË-
ÊÂ Ó·ÓÁÌ‡˜‡ÂÚ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ÔÂÂ-
ÏÂÌÌÓÈ r. 

ê‡ÒÒÏÓÚËÏ ÙÛÌÍˆËÓÌ‡Î Û‰ÂÎ¸ÌÓÈ (Ì‡ Â‰ËÌË-
ˆÛ ‰ÎËÌ˚ ˆËÎËÌ‰‡) ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË ‰Â-
ÙÓÏ‡ˆËË

(5)

„‰Â W = W(C) – ÛÔÛ„ËÈ ÔÓÚÂÌˆË‡Î, Á‡‚ËÒfl˘ËÈ ÓÚ
„‡‰ËÂÌÚ‡ ‰ÂÙÓÏ‡ˆËË C, r1 – ‡‰ËÛÒ ÌÂ‰ÂÙÓÏË-
Ó‚‡ÌÌÓ„Ó ˆËÎËÌ‰‡.

èÓÒÍÓÎ¸ÍÛ ‚ÌÂ¯ÌËÂ ÒËÎ˚ ÓÚÒÛÚÒÚ‚Û˛Ú, ÚÓ, 
ÒÓ„Î‡ÒÌÓ ‚‡Ë‡ˆËÓÌÌÓÏÛ ÔËÌˆËÔÛ ã‡„‡ÌÊ‡,
ËÒÚËÌÌÓÂ ÔÓÎÂ ÔÂÂÏÂ˘ÂÌËÈ ‰ÓÒÚ‡‚ÎflÂÚ ÙÛÌÍˆËÓ-
Ì‡ÎÛ Π ÒÚ‡ˆËÓÌ‡ÌÓÂ ÁÌ‡˜ÂÌËÂ. Ç˚·ÂÂÏ ‚ Í‡-
˜ÂÒÚ‚Â ‚ÓÁÏÓÊÌ˚ı ÙÛÌÍˆËË, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ
ÛÒÎÓ‚Ë˛ ÌÂÒÊËÏ‡ÂÏÓÒÚË

det C = 1, (6)

Ú.Â. ÙÛÌÍˆËË ‚Ë‰‡

(7)

Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÙÛÌÍˆËÓÌ‡Î (5) ÔÂ‚‡˘‡-
ÂÚÒfl ‚ ÙÛÌÍˆË˛ Ó‰ÌÓÈ ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ÔÂÂÏÂÌ-
ÌÓÈ A, ‡ Á‡‰‡˜‡ ÓÚ˚ÒÍ‡ÌËfl ÙÛÌÍˆËË R(r) Ò‚Ó-
‰ËÚÒfl Í Á‡‰‡˜Â Ó ÒÚ‡ˆËÓÌ‡Ì˚ı ÁÌ‡˜ÂÌËflı ÙÛÌÍ-
ˆËË Π(A).
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ÑÎfl ÔÓËÁ‚Ó‰ÌÓÈ ÔÓÎÛ˜‡ÂÏ

é·ÓÁÌ‡˜‡fl ÔÓËÁ‚Ó‰ÌÛ˛ ˜ÂÂÁ S Ë Û˜Ë-

Ú˚‚‡fl (2), ‰Îfl ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓ„Ó ‚˚‡ÊÂÌËfl ÔÓ-
ÎÛ˜‡ÂÏ

Ç˚˜ËÒÎflfl Ë Ò ÔÓÏÓ˘¸˛ (7), ÔÓÎÛ˜‡-

ÂÏ, ˜ÚÓ ÛÒÎÓ‚ËÂ ÒÚ‡ˆËÓÌ‡ÌÓÒÚË ÙÛÌÍˆËË Π(A) 
ÔËÌËÏ‡ÂÚ ‚Ë‰

í‡ÍËÏ Ó·‡ÁÓÏ, ÙÛÌÍˆËË ‚Ë‰‡ (7) ‰ÓÒÚ‡‚Îfl˛Ú
˝ÍÒÚÂÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ÙÛÌÍˆËÓÌ‡ÎÛ ˝ÌÂ„ËË,
ÂÒÎË A = 0 ÎË·Ó A fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Û‡‚ÌÂÌËfl

(8)

ì‡‚ÌÂÌËÂ (8) ·˚ÎÓ ÔÓÎÛ˜ÂÌÓ ‚ [4] ÔÛÚÂÏ ÌÂ-
ÔÓÒÂ‰ÒÚ‚ÂÌÌÓ„Ó ‡Ì‡ÎËÁ‡ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‡‚ÌÓ-
‚ÂÒËfl ÚÂÎ‡ Ò ‰ÂÙÂÍÚÓÏ.

ì˜ÂÚ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl. ì˜ÂÚ ÔÓ-
‚ÂıÌÓÒÚÌÓÈ ˝ÌÂ„ËË ‚ Á‡‰‡˜Â Ó Í‡‚ËÚ‡ˆËË Ò‚Ó-
‰ËÚÒfl ÚÂÔÂ¸ Í ‰Ó·‡‚ÎÂÌË˛ Í ‚˚‡ÊÂÌË˛ (5) ‰Îfl
ÙÛÌÍˆËÓÌ‡Î‡ ˝ÌÂ„ËË ÒÎ‡„‡ÂÏÓ„Ó, ÓÔËÒ˚‚‡˛˘Â-
„Ó ˝ÌÂ„Ë˛ ÌÓ‚ÓÈ Ó·‡ÁÓ‚‡‚¯ÂÈÒfl ÔÓ‚ÂıÌÓÒÚË.
îÛÌÍˆËÓÌ‡Î ÔÓ‚ÂıÌÓÒÚÌÓÈ ˝ÌÂ„ËË ÔËÏÂÏ ‚
ÙÓÏÂ [12]

Ω = 2πR(0)σ,

„‰Â σ – ÔÓÒÚÓflÌÌÓÂ ÔÓ‚ÂıÌÓÒÚÌÓÂ Ì‡ÚflÊÂÌËÂ,
2πR(0) – ‰ÎËÌ‡ ÓÍÛÊÌÓÒÚË – ÒÂ˜ÂÌËfl ÔÓ‚ÂıÌÓ-
ÒÚË Ó·‡ÁÓ‚‡‚¯ÂÈÒfl ÔÓÎÓÒÚË (Í‡Í Ë ‚ (5), ˝ÌÂ„Ëfl
Ω ÓÚÌÂÒÂÌ‡ Í Â‰ËÌËˆÂ ‰ÎËÌ˚ ˆËÎËÌ‰‡).

èÓ‚ÚÓflfl ÚÂÔÂ¸ ÔË‚Â‰ÂÌÌ˚Â ‚˚¯Â ‚˚ÍÎ‡‰-
ÍË ‰Îfl ÙÛÌÍˆËÓÌ‡Î‡ Π + Ω Ë Û˜ËÚ˚‚‡fl, ˜ÚÓ

ÔËıÓ‰ËÏ Í Û‡‚ÌÂÌË˛ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ‡‰ËÛÒ‡
Ó·‡ÁÛ˛˘ÂÈÒfl ÔÓÎÓÒÚË ÔË Û˜ÂÚÂ ÔÓ‚ÂıÌÓÒÚÌÓ-
„Ó Ì‡ÚflÊÂÌËfl

(9)
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ç‡ÎË˜ËÂ ‚ (9) ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó ÔÓ Ò‡‚ÌÂÌË˛
Ò (8) ÒÎ‡„‡ÂÏÓ„Ó ÌÂ ‡Ò¯ËflÂÚ ÓÔËÒ‡ÌÌ˚È ‚ [4]
ÍÎ‡ÒÒ ÛÔÛ„Ëı ÔÓÚÂÌˆË‡ÎÓ‚, ‰ÓÔÛÒÍ‡˛˘Ëı ÒËÌ„Û-
ÎflÌÓÂ Â¯ÂÌËÂ, ÔÓÒÍÓÎ¸ÍÛ ÒıÓ‰ËÏÓÒÚ¸ ËÌÚÂ„‡-
Î‡ (8) ÔÓ-ÔÂÊÌÂÏÛ ÓÒÚ‡ÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï ÛÒÎÓ-
‚ËÂÏ ‰Îfl ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl Â¯ÂÌËÈ Û‡‚ÌÂÌËfl (9).

Ç Í‡˜ÂÒÚ‚Â ÔËÏÂÓ‚, ÒÎÂ‰Ûfl [4], ‡ÒÒÏÓÚËÏ
‰‚‡ ÒÎÛ˜‡fl, ÍÓ„‰‡ ËÌÚÂ„‡Î ‚ (9) ‚˚˜ËÒÎflÂÚÒfl ‡Ì‡-
ÎËÚË˜ÂÒÍË. ÑÎfl ÏÓ‰ÂÎË Ï‡ÚÂË‡Î‡ áÛ·Ó‚‡–êÛ‰Â‚‡
Ò ÛÔÛ„ËÏ ÔÓÚÂÌˆË‡ÎÓÏ W = µ[tr(C · CT) – 3]1/2

Û‡‚ÌÂÌËÂ (9) Á‡ÔËÒ˚‚‡ÂÚÒfl ‚ ‚Ë‰Â 

 

( ) ln�
� �

�
+ + +

− + +







−1
1 2

1 1 1 2

A

A

á‡‚ËÒËÏÓÒÚ¸ ÍÓÌÒÚ‡ÌÚ˚ A/r1 ÓÚ Ô‡‡ÏÂÚ‡ ‰ËÒ-
ÍÎËÌ‡ˆËË δ = 1 – � ÔË‚Â‰ÂÌ‡ Ì‡ ËÒ. 1. äË‚‡fl 1
ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÒÎÛ˜‡˛ γ = 0, ÍË‚‡fl 2 – ÒÎÛ˜‡˛
γ = 0,001.

èË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÏÓ‰ÂÎË Ï‡ÚÂË‡Î‡ Å‡ÚÂ-
ÌÂ‚‡–ï‡Á‡ÌÓ‚Ë˜‡ Ò Û‰ÂÎ¸ÌÓÈ ÔÓÚÂÌˆË‡Î¸ÌÓÈ
˝ÌÂ„ËÂÈ W = 2µtr[U – I] Û‡‚ÌÂÌËÂ ‰Îfl ÓÔÂ‰ÂÎÂ-
ÌËfl ‡‰ËÛÒ‡ ÔÓÎÓÒÚË Ò Û˜ÂÚÓÏ (4) ÔËÌËÏ‡ÂÚ 
‚Ë‰

(10)

ç‡ ËÒ. 2 ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ˜ËÒÎÂÌÌÓ„Ó
Â¯ÂÌËfl Û‡‚ÌÂÌËfl (10) ÔË ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡
γ = 0,0001. äË‚‡fl 1 ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÓÚÒÛÚÒÚ‚Ë˛
ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl γ = 0. äË‚‡fl 2 ÒÓÒÚÓ-
ËÚ ËÁ ‰‚Ûı ˜‡ÒÚÂÈ, ÔÓÒÍÓÎ¸ÍÛ ÔË Î˛·ÓÏ ÁÌ‡˜Â-
ÌËË Ô‡‡ÏÂÚ‡ ‰ËÒÍÎËÌ‡ˆËË δ = 1 – �, ÔÂ‚ÓÒıÓ-
‰fl˘Â„Ó ÌÂÍÓÚÓÓÂ ÍËÚË˜ÂÒÍÓÂ ÁÌ‡˜ÂÌËÂ, Û‡‚-
ÌÂÌËÂ (10) ËÏÂÂÚ ‰‚‡ ÍÓÌfl. èË˜ËÌ‡ ÔÓfl‚ÎÂÌËfl
‚ÚÓÓ„Ó ÍÓÌfl ÏÓÊÂÚ ·˚Ú¸ ‚˚flÒÌÂÌ‡ ÔË ‡Ì‡ÎË-
ÁÂ Á‡‚ËÒËÏÓÒÚË ÙÛÌÍˆËË ˝ÌÂ„ËË Π Ë ÂÂ ÔÓËÁ-

‚Ó‰ÌÓÈ ÓÚ Ô‡‡ÏÂÚ‡ A, ÍÓÚÓ‡fl ÒıÂÏ‡ÚË˜Â-

ÒÍË ÔÂ‰ÒÚ‡‚ÎÂÌ‡ Ì‡ ËÒ. 3.
àÁ ÔË‚Â‰ÂÌÌÓÈ ÒıÂÏ˚ ‚Ë‰ÌÓ, ˜ÚÓ ÔË ÙËÍÒË-

Ó‚‡ÌÌÓÏ ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡ ‰ËÒÍÎËÌ‡ˆËË ÔÓfl-
‚ÎÂÌËÂ Ë Û‚ÂÎË˜ÂÌËÂ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl

ÔË‚Ó‰ËÚ Í Ò·ÎËÊÂÌË˛ ÍÓÌÂÈ
A = 0 Ë A = A0, ‡ Á‡ÚÂÏ Í Ëı ËÒ˜ÂÁÌÓ‚ÂÌË˛. 
ÇÏÂÒÚÂ Ò ÚÂÏ ‚Ë‰ÌÓ, ˜ÚÓ ÏÂÌ¸¯ËÈ ÍÓÂÌ¸ ÒÓÓÚ-
‚ÂÚÒÚ‚ÛÂÚ ÌÂÛÒÚÓÈ˜Ë‚ÓÏÛ ÒÓÒÚÓflÌË˛, ÔÓ-
ÒÍÓÎ¸ÍÛ ˝ÌÂ„Ëfl Π ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ËÏÂÂÚ 
Ï‡ÍÒËÏÛÏ.

àÁ ÔË‚Â‰ÂÌÌ˚ı Ì‡ ËÒ. 1, 2 „‡ÙËÍÓ‚ ‚Ë‰ÌÓ,
˜ÚÓ ÔË Û˜ÂÚÂ ÔÓ‚ÂıÌÓÒÚÌÓÈ ˝ÌÂ„ËË Ó·‡ÁÓ‚‡-
ÌËÂ ÔÓÎÓÒÚË ‚ÓÁÏÓÊÌÓ ÎË¯¸ ÔË ‰ÓÒÚËÊÂÌËË 
Ô‡‡ÏÂÚÓÏ ‰ËÒÍÎËÌ‡ˆËË δ ÌÂÍÓÚÓÓ„Ó ÍËÚË˜Â-
ÒÍÓ„Ó ÁÌ‡˜ÂÌËfl Ì‡Á˚‚‡ÂÏÓ„Ó ÍËÚË˜ÂÒÍÓÈ
ÏÓ˘ÌÓÒÚ¸˛ ‰ËÒÍÎËÌ‡ˆËË. Ç ÒÎÛ˜‡Â Ï‡ÚÂË‡Î‡
Å‡ÚÂÌÂ‚‡–ï‡Á‡ÌÓ‚Ë˜‡ ˝Ú‡ ‚ÂÎË˜ËÌ‡ ÏÓÊÂÚ
·˚Ú¸ Ì‡È‰ÂÌ‡ ÔÓ ÙÓÏÛÎÂ 
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êËÒ. 1. å‡ÚÂË‡Î áÛ·Ó‚‡–êÛ‰Â‚‡: Á‡‚ËÒËÏÓÒÚ¸ ‡‰ËÛÒ‡ ÔÓÎÓ-
ÒÚË A ÓÚ Ô‡‡ÏÂÚ‡ ‰ËÒÍÎËÌ‡ˆËË δ = 1 – χ ÔË Û˜ÂÚÂ ÔÓ‚Âı-
ÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl

êËÒ. 2. å‡ÚÂË‡Î Å‡ÚÂÌÂ‚‡–ï‡Á‡ÌÓ‚Ë˜‡: Á‡‚ËÒËÏÓÒÚ¸ 
‡‰ËÛÒ‡ ÔÓÎÓÒÚË A ÓÚ Ô‡‡ÏÂÚ‡ ‰ËÒÍÎËÌ‡ˆËË δ = 1– χ ÔË
Û˜ÂÚÂ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl



„‰Â – Â¯ÂÌËÂ Û‡‚ÌÂÌËfl

ç‡ ËÒ. 4 ÔË‚Â‰ÂÌ „‡ÙËÍ Á‡‚ËÒËÏÓÒÚË 
ÍËÚË˜ÂÒÍÓÈ ÏÓ˘ÌÓÒÚË ‰ËÒÍÎËÌ‡ˆËË ÓÚ Ô‡‡-
ÏÂÚ‡ γ. 

− + − =( ) ./A2 3 21 0γ γ

− + + −2 2 12 3 2( ( ) /A A

+ + − − −( )2 1 22 3 2A A A γ

+ + + + + +( ) ) ln/A
A

A
2 3 2

2

1
1 1γ γ

( ( )A A A A4 2 3 22 1 2 2γ γ+ + + + +

 Ao

ìóÖí  åàäêéëíêìäíìêõ

ëÚÛÍÚÛ‡ Ï‡ÚÂË‡Î‡ ‚ ÓÍÂÒÚÌÓÒÚË fl‰‡ ‰ËÒ-
ÍÎËÌ‡ˆËË ·Û‰ÂÚ Û˜ËÚ˚‚‡Ú¸Òfl ÔË ÔÓÏÓ˘Ë ÒÂ‰˚
äÓÒÒÂ‡. Ç ÏÓ‰ÂÎË ÍÓÌÚËÌÛÛÏ‡ äÓÒÒÂ‡ [6, 7] Í‡-
Ê‰‡fl ˜‡ÒÚËˆ‡ ÒÔÎÓ¯ÌÓÈ ÒÂ‰˚ ËÏÂÂÚ ÒÚÂÔÂÌË
Ò‚Ó·Ó‰˚ ‡·ÒÓÎ˛ÚÌÓ Ú‚Â‰Ó„Ó ÚÂÎ‡. èÓÎÓÊÂÌËÂ
˜‡ÒÚËˆ˚ ‚ ‰ÂÙÓÏËÓ‚‡ÌÌÓÈ ÍÓÌÙË„Û‡ˆËË 
ÓÔÂ‰ÂÎflÂÚÒfl ‡‰ËÛÒÓÏ-‚ÂÍÚÓÓÏ R Ë ÒÓ·ÒÚ‚ÂÌÌÓ
ÓÚÓ„ÓÌ‡Î¸Ì˚Ï ÚÂÌÁÓÓÏ H, Ì‡Á˚‚‡ÂÏ˚Ï ÚÂÌÁÓ-
ÓÏ ÏËÍÓÔÓ‚ÓÓÚ‡. ìÔÛ„ËÈ ÔÓÚÂÌˆË‡Î W fl‚Îfl-
ÂÚÒfl ÙÛÌÍˆËÂÈ ‰‚Ûı ÚÂÌÁÓÓ‚ ‚ÚÓÓ„Ó ‡Ì„‡ – 
ÏÂÓÈ ‰ÂÙÓÏ‡ˆËË Y Ë ÚÂÌÁÓ‡ ËÁ„Ë·ÌÓÈ ‰ÂÙÓ-
Ï‡ˆËË L. íÂÌÁÓ˚ Y Ë L ÓÔÂ‰ÂÎfl˛ÚÒfl ÒÓÓÚÌÓ-
¯ÂÌËflÏË

Y = C· HT (11)

(12)

ì‡‚ÌÂÌËfl ‡‚ÌÓ‚ÂÒËfl ‚ ÍÓÌÚËÌÛÛÏÂ äÓÒÒÂ‡
ËÏÂ˛Ú ‚Ë‰

(13)

(14)

I – Â‰ËÌË˜Ì˚È ÚÂÌÁÓ.
ç‡ Ò‚Ó·Ó‰ÌÓÈ ·ÓÍÓ‚ÓÈ ÔÓ‚ÂıÌÓÒÚË ˆËÎËÌ‰‡

ÍÓÏÂ ÒËÎÓ‚˚ı ‰ÓÎÊÌ˚ ‚˚ÔÓÎÌflÚ¸Òfl Ë ÏÓÏÂÌÚ-
Ì˚Â „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl

n · M* · H = 0. (15)

èÒÂ‚‰ÓÍÓÌÚËÌÛÛÏ äÓÒÒÂ‡ ÔÂ‰ÔÓÎ‡„‡ÂÚ Ì‡ÎË-
˜ËÂ Ò‚flÁË [7] 

Y× = 0,

ÓÁÌ‡˜‡˛˘ÂÈ ÒÓ‚Ô‡‰ÂÌËÂ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÔÓ‚ÓÓÚÓ‚
˜‡ÒÚËˆ ÒÔÎÓ¯ÌÓÈ ÒÂ‰˚ Ò Ëı ÔÓ‚ÓÓÚ‡ÏË ‚ÒÎÂ‰-
ÒÚ‚ËÂ ‰ÂÙÓÏ‡ˆËË ÚÂÎ‡.

èÓÎÛÓ·‡ÚÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ‰ÂÙÓÏ‡ˆËË
ÒÂ‰˚ ÓÔÂ‰ÂÎflÂÚÒfl (1). èÓÒÍÓÎ¸ÍÛ ‰ÂÙÓÏ‡ˆËfl
fl‚ÎflÂÚÒfl ÔÎÓÒÍÓÈ, ÒÔ‡‚Â‰ÎË‚Ó ÒÎÂ‰Û˛˘ÂÂ ÔÓÎÛ-
Ó·‡ÚÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ‰Îfl ÚÂÌÁÓ‡ ÏËÍÓÔÓ‚Ó-
ÓÚ‡ H:

(16)

á‰ÂÒ¸ χ(r) – ÙÛÌÍˆËfl, Á‡‰‡˛˘‡fl ÒÓ·ÒÚ‚ÂÌÌ˚È ÔÓ‚Ó-
ÓÚ ˜‡ÒÚËˆ˚ ÒÂ‰˚ (‚ÓÍÛ„ ‚ÂÍÚÓ‡ ez), ÌÂ Ò‚flÁ‡Ì-
Ì˚È Ò ‰ÂÙÓÏ‡ˆËÂÈ. ë ÔÓÏÓ˘¸˛ (2), (11), (12), (16)

 + − +sin ( )( ) .χ ϕr r R Ze e e e e eΦ z

H e e e e= + +cos ( )( )χ ϕr r R Φ

T
Y

M
L

∗ = =∂
∂

∂
∂

W W
,    ,*

 
∇⋅ ⋅ + ∇⋅ ⋅ ⋅



 =

×

o o
( ) ;* *M H R T HΤ 0

 ∇⋅ ⋅ =
o

( ) ;*T H 0

 ∇ ⋅ = − ×
o

H H L IT .
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êËÒ. 3. ÇÎËflÌËÂ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl γ Ì‡ Á‡‚ËÒËÏÓÒÚ¸
˝ÌÂ„ËË ÓÚ ‡‰ËÛÒ‡ ÔÓÎÓÒÚË A

êËÒ. 4. á‡‚ËÒËÏÓÒÚË ÍËÚË˜ÂÒÍÓÈ ÏÓ˘ÌÓÒÚË ‰ËÒÍÎËÌ‡ˆËË δ
ÓÚ ÍÓ˝ÙÙËˆËÂÌÚ‡ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó Ì‡ÚflÊÂÌËfl γ



ÓÔÂ‰ÂÎflÂÏ Y, L:

îÛÌÍˆËË R(r), χ(r) ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ Û‡‚ÌÂÌËÈ
‡‚ÌÓ‚ÂÒËfl (13), (14). Ç ÒÎÛ˜‡Â ÌÂÒÊËÏ‡ÂÏÓ„Ó Ï‡-
ÚÂË‡Î‡ R(r) ÓÔÂ‰ÂÎflÂÚÒfl ÒÓÓÚÌÓ¯ÂÌËÂÏ (7), ÍÓ-
ÚÓÓÂ ÒÎÂ‰ÛÂÚ ËÁ (6).

Ç ÔÒÂ‚‰ÓÍÓÌÚËÌÛÛÏÂ äÓÒÒÂ‡ ‚ÒÎÂ‰ÒÚ‚ËÂ ‚˚-
ÔÓÎÌÂÌËfl ÛÒÎÓ‚Ëfl (15) 

χ(r) = 0,
ÚÓ„‰‡

é„‡ÌË˜Ë‚‡flÒ¸ ÌÂÎËÌÂÈÌÓ-ÛÔÛ„ËÏË ÔÓÚÂÌˆË-
‡Î‡ ‚Ë‰‡

(17)

ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ‰Îfl ÌÂÒÊËÏ‡ÂÏÓ„Ó ÔÒÂ‚‰ÓÍÓÌÚËÌÛ-
ÛÏ‡ äÓÒÒÂ‡ Û˜ÂÚ ÏÓÏÂÌÚÌ˚ı Ì‡ÔflÊÂÌËÈ ‚ Á‡‰‡-
˜Â Ó ‰ËÒÍÎËÌ‡ˆËË ÌÂ ÔË‚Ó‰ËÚ Í Í‡˜ÂÒÚ‚ÂÌÌÓ ÌÓ-
‚˚Ï ÂÁÛÎ¸Ú‡Ú‡Ï. ÇÓÁÏÓÊÌÓÒÚ¸ ËÎË ÌÂ‚ÓÁÏÓÊ-
ÌÓÒÚ¸ ÔÓÓÓ·‡ÁÓ‚‡ÌËfl ÓÔÂ‰ÂÎflÂÚÒfl ÔÂ‚˚Ï
ÒÎ‡„‡ÂÏ˚Ï ‚ (17), ‡ Á‡‚ËÒËÏÓÒÚ¸ ‡‰ËÛÒ‡ ÔÓÎÓÒÚË
ÓÚ Ô‡‡ÏÂÚ‡ ‰ËÒÍÎËÌ‡ˆËË Ì‡ıÓ‰ËÚÒfl ËÁ (8).

èÂÂıÓ‰fl Í Ó·˘ÂÏÛ ÒÎÛ˜‡˛, ‡ÒÒÏÓÚËÏ ¯ÂÒÚË-
ÍÓÌÒÚ‡ÌÚÌ˚È ÔÓÚÂÌˆË‡Î ÌÂÒÊËÏ‡ÂÏÓÈ ÒÂ‰˚
äÓÒÒÂ‡

(18)

E = Y – I.

èÂ‰ÔÓÎÓÊÂÌËÂ χ(r) = 0 ÔÓÁ‚ÓÎflÂÚ ÚÓÊ‰ÂÒÚ-
‚ÂÌÌÓ Û‰Ó‚ÎÂÚ‚ÓËÚ¸ ÏÓÏÂÌÚÌ˚Ï Û‡‚ÌÂÌËflÏ
‡‚ÌÓ‚ÂÒËfl Ë „‡ÌË˜Ì˚Ï ÛÒÎÓ‚ËflÏ. ä‡Í Ë ‚ 
ÒÎÛ˜‡Â ÔÒÂ‚‰ÓÍÓÌÚËÌÛÛÏ‡, ÓÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ 
«ÏÓÏÂÌÚÌ˚Â» ÒÎ‡„‡ÂÏ˚Â ‚ (18) ÌÂ ‚ÎËfl˛Ú Ì‡ 
‚ÓÁÏÓÊÌÓÒÚ¸ Ó·‡ÁÓ‚‡ÌËfl ÔÓÎÓÒÚË, Ú‡Í Í‡Í ÌÂ
‚ıÓ‰flÚ ‚ ÒÓÓÚÌÓ¯ÂÌËÂ (8).

ê‡ÒÒÏÓÚËÏ ÌÂÒÊËÏ‡ÂÏ˚È ÍÓÌÚËÌÛÛÏ äÓÒÒÂ‡
Ë ÛÔÛ„ËÈ ÔÓÚÂÌˆË‡Î

W = − + + ⋅ + −µ γ η γ η
tr( ) tr( ) trTY I L L L

2 2
2

+ + + ⋅ + −δ γ η γ η
2 2 2

2 2tr tr( ) tr ,TL L L L

W = + + ⋅ + − +λ µ α µ α
2 2 2

2 2tr tr( ) trTE E E E

W W W= +Y LY L( ) ( ),

  
Y e e e e e e= ′ + +R

R

rr rcos cos .χ χ ϕ ϕ
�

z z

 H e e e e e e= + +r R Zϕ Φ z ,

  
L e e e e= ′ + −χ ϕr rz z

� 1
.

  
+ − ′ +�R

r
Rr rsin sin ,χ χϕ ϕe e e e e ez z

 
Y e e e e= ′ + +R

R

rr rcos cosχ χ ϕ ϕ
�

Ë ÓÚÍ‡ÊÂÏÒfl ÓÚ ÔÂ‰‚‡ËÚÂÎ¸ÌÓ„Ó ÔÂ‰ÔÓÎÓÊÂ-
ÌËfl Ó ÚÓÏ, ˜ÚÓ χ(r) = 0. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÔÓÎÛ˜‡ÂÏ
‰‚‡ ÒËÎÓ‚˚ı

(19)

Ë Ó‰ÌÓ ÏÓÏÂÌÚÌÓÂ Û‡‚ÌÂÌËfl ‡‚ÌÓ‚ÂÒËfl

(20)

êÂ¯‡fl ‚ÚÓÓÂ ËÁ Û‡‚ÌÂÌËÈ (19) ÓÚÌÓÒËÚÂÎ¸ÌÓ
χ(r), ÔÓÎÛ˜‡ÂÏ

(21)

èÓ‰ÒÚ‡‚Îflfl (21) ‚ (20), ÔÓÒÎÂ ÛÔÓ˘ÂÌËÈ Ò Û˜Â-
ÚÓÏ ‚˚‡ÊÂÌËfl (1) ‰Îfl R(r), ÔÓÎÛ˜‡ÂÏ

(22)

Ç˚‡ÊÂÌËÂ ‚ Í‚‡‰‡ÚÌ˚ı ÒÍÓ·Í‡ı ‚ (22) ÌÂÎ¸Áfl
Ò‰ÂÎ‡Ú¸ ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ ‡‚Ì˚Ï ÌÛÎ˛ ÌË ÔË Í‡-
ÍÓÏ ÁÌ‡˜ÂÌËË C1. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Â‰ËÌÒÚ‚ÂÌÌÓ
‚ÓÁÏÓÊÌ˚Ï ÛÒÎÓ‚ËÂÏ Û‰Ó‚ÎÂÚ‚ÓÂÌËfl (22) fl‚Îfl-
ÂÚÒfl ‡‚ÂÌÒÚ‚Ó C1 ÌÛÎ˛. ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÒËÒÚÂ-
Ï‡ Û‡‚ÌÂÌËÈ (19) Ë (20) ÒÓ‚ÏÂÒÚÌ‡ ÎË¯¸ ÔË
χ(r) ≡ 0. 

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ‰Îfl ¯ËÓÍÓ„Ó
ÍÎ‡ÒÒ‡ ÏÓ‰ÂÎÂÈ ÒÂ‰ Ò ÏËÍÓÒÚÛÍÚÛÓÈ Û˜ÂÚ ÏÓ-
ÏÂÌÚÌ˚ı Ì‡ÔflÊÂÌËÈ ÌÂ ‚ÎËflÂÚ Ì‡ ‚ÓÁÏÓÊÌÓÒÚ¸
Ó·‡ÁÓ‚‡ÌËfl ÔÓÎÓÒÚË ‚‰ÓÎ¸ ÓÒË ËÁÓÎËÓ‚‡ÌÌÓÈ
‰ËÒÍÎËÌ‡ˆËË.

ìóÖí  ëÜàåÄÖåéëíà

ÑÎfl ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÌÂÁ‡‚ËÒËÏÓÒÚË ÒÛ˘ÂÒÚ‚Ó-
‚‡ÌËfl ‡Á˚‚Ì˚ı Â¯ÂÌËÈ ÓÚ ËÒÔÓÎ¸ÁÓ‚‡ÌÌÓÈ
‚˚¯Â „ËÔÓÚÂÁ˚ ÌÂÒÊËÏ‡ÂÏÓÒÚË ‡ÒÒÏÓÚËÏ Á‡-
‰‡˜Û Ó ‰ËÒÍÎËÌ‡ˆËË ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ‰Îfl ÓÔË-
Ò‡ÌËfl Ò‚ÓÈÒÚ‚ ˆËÎËÌ‰‡ ÛÔÓ˘ÂÌÌÓÈ ÏÓ‰ÂÎË
ÅÎÂÈÚˆ‡ Ë äÓ [10] ÒÊËÏ‡ÂÏÓ„Ó ÌÂÎËÌÂÈÌÓ-ÛÔÛ-
„Ó„Ó Ï‡ÚÂË‡Î‡. éÔÂ‰ÂÎfl˛˘ÂÂ ÒÓÓÚÌÓ¯ÂÌËÂ
‰Îfl ÚÂÌÁÓ‡ Ì‡ÔflÊÂÌËÈ èËÓÎ˚ ÔËÌËÏ‡ÂÚ ‚
˝ÚÓÏ ÒÎÛ˜‡Â ‚Ë‰

 
D I G G R= − + − ∇⋅−µ

I
I I I

3
1 3

3 2
2

1[ ( ) ] ./ o

 
+ + + ]−C r r r A1

3 1 2 2� �)( ( )) .

 − − − ++2 2
1

2 1µ r C r r� �(

 
C r r A1

1 2 21� �+[ − + + −( ) ( )γ η

 χ( ) arcsin( ).r C r= −
1

1�

 
+ − − =2 2 0p rp R

r
cos sin ( cos )

sin
.χ χ χ µ χ

�

( ) ( cos )sinγ η χ χ µ χ χ+ ′′ + ′



 + ′ − +1

2
r

R p

 (cos ) ( )sinχ χ χ′ + − =1 0�

− + ′ ′ =( ) ,p rp RR 0
 rpRR rp R r R′′ + + − − ′ ′ −( (( )cos sin ))2 1 2µ χ χ χ�
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Ç ÒËÎÛ (2), (3) ÚÂÌÁÓ D ËÏÂÂÚ ‰Ë‡„ÓÌ‡Î¸ÌÛ˛
ÒÚÛÍÚÛÛ:

(23)

ë Û˜ÂÚÓÏ (23) Û‡‚ÌÂÌËfl ‡‚ÌÓ‚ÂÒËfl 
Ò‚Ó‰flÚÒfl Í Ó‰ÌÓÏÛ Û‡‚ÌÂÌË˛ ‰Îfl ÙÛÌÍˆËË R(r),
ËÏÂ˛˘ÂÏÛ ‚Ë‰

(24)

ìÒÎÓ‚ËÂÏ ÌÂÁ‡„ÛÊÂÌÌÓÒÚË ·ÓÍÓ‚ÓÈ ÔÓ‚ÂıÌÓ-
ÒÚË r = r1 ÒÎÛÊËÚ ÒÓÓÚÌÓ¯ÂÌËÂ

(25)

ë ÔÓÏÓ˘¸˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı Á‡ÏÂÌ

ξ = lnr,

Û‡‚ÌÂÌËÂ (24) ÔË‚Ó‰ËÚÒfl Í ‚Ë‰Û

(26)

ì‡‚ÌÂÌËÂ (26) ËÏÂÂÚ ÚË ‡ÁÎË˜Ì˚ı Â¯Â-
ÌËfl. ê‡ÒÒÏÓÚËÏ Í‡Ê‰ÓÂ ËÁ ÌËı.

1) y = 0. ùÚÓÏÛ ÒÎÛ˜‡˛ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Â¯ÂÌËÂ
Û‡‚ÌÂÌËfl (24) ‚Ë‰‡ R(r) = const, ˜ÚÓ, Ó˜Â‚Ë‰ÌÓ, 
ÌÂ ËÏÂÂÚ ÙËÁË˜ÂÒÍÓ„Ó ÒÏ˚ÒÎ‡. èÓ˝ÚÓÏÛ ‰‡ÌÌÓÂ
Â¯ÂÌËÂ ÒÎÂ‰ÛÂÚ ÓÚ·ÓÒËÚ¸.

2) y = β, „‰Â β – ÍÓÂÌ¸ Û‡‚ÌÂÌËfl β 3+ �2(3β – 4) = 0.
ùÚÓ Û‡‚ÌÂÌËÂ ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌ˚È ‚Â˘ÂÒÚ‚ÂÌ-
Ì˚È ÍÓÂÌ¸

ÇÓÁ‚‡˘‡flÒ¸ Í Û‡‚ÌÂÌË˛ (24), ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ
ÓÌÓ ËÏÂÂÚ Â¯ÂÌËÂ ‚Ë‰‡

(27)

êÂ¯ÂÌËÂ (27) ‡‚ÚÓÏ‡ÚË˜ÂÒÍË Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ-
‚Ë˛ ÒÔÎÓ¯ÌÓÒÚË R(0) = 0, ‡ ÍÓÌÒÚ‡ÌÚ‡ C1 ÏÓÊÂÚ
·˚Ú¸ Ì‡È‰ÂÌ‡ ËÁ Í‡Â‚Ó„Ó ÛÒÎÓ‚Ëfl (25). éÍÓÌ˜‡-

R r C r( ) .= 1
β

 
β = + + − + −



� � �2 3 23 234 2 4 2/ .

 

dy
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y y y
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.
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o

D 0

  
DzZ = ′ −





µ �RR

r
1 .

 
Dϕ µΦ = ′ −









R

r

R

3

3 3�
,

 
DrR

R

r
R= − ′





−µ � ( ) ,3

ÚÂÎ¸ÌÓ ÔÓÎÛ˜‡ÂÏ

(28)

èÓ‰Ó·Ì˚È ‡Ì‡ÎËÁ ÔÓÎÂÈ ‰ÂÙÓÏ‡ˆËÈ Ë Ì‡-
ÔflÊÂÌËÈ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı Â¯ÂÌË˛ (28), ·˚Î
‰‡Ì ‚ [13].

3) ä‚‡‰‡ÚÛÌÓÂ Â¯ÂÌËÂ

(29)

èÓÍ‡ÊÂÏ, ˜ÚÓ Â¯ÂÌË˛ (29) ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Â-
¯ÂÌËÂ Û‡‚ÌÂÌËfl (24), ÌÂ Ó·‡˘‡˛˘ÂÂÒfl ‚ ÌÛÎ¸
Ì‡ ÓÒË ˆËÎËÌ‰‡ ÔË r = 0. ÑÎfl ˝ÚÓ„Ó, ‚˚˜ËÒÎflfl
ÌÂÓÔÂ‰ÂÎÂÌÌ˚È ËÌÚÂ„‡Î Ë ÔÂÓ·‡ÁÓ‚˚‚‡fl, 
Á‡ÔË¯ÂÏ (29) ‚ ‚Ë‰Â

(30)

„‰Â C2 – ÔÓËÁ‚ÓÎ¸Ì‡fl ÔÓÒÚÓflÌÌ‡fl. áÌ‡˜ÂÌË˛
r = 0 ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÁÌ‡˜ÂÌËÂ ξ = –∞, ÔÓ˝ÚÓÏÛ ÌÂ-
Ó·ıÓ‰ËÏÓ ÓÔÂ‰ÂÎËÚ¸ ÔÓ‚Â‰ÂÌËÂ Â¯ÂÌËfl (29)
ÔË ξ → –∞.

Ç ÒËÎÛ Ó„‡ÌË˜ÂÌÌÓÒÚË ω(y) ËÁ (30) ÒÎÂ‰ÛÂÚ,
˜ÚÓ

ÑÎfl ÛÚÓ˜ÌÂÌËfl ˝ÚÓ„Ó ÂÁÛÎ¸Ú‡Ú‡, ‚‚Ó‰fl Ó·ÓÁÌ‡-
˜ÂÌËfl

ÔÂÓ·‡ÁÛÂÏ (30) Í ‚Ë‰Û
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ì˜ËÚ˚‚‡fl, ˜ÚÓ

ÔÓÎÛ˜ËÏ ‡ÒËÏÔÚÓÚË˜ÂÒÍÛ˛ ÙÓÏÛÎÛ ‰Îfl y(ξ):

„‰Â – ÔÓËÁ‚ÓÎ¸Ì‡fl ÔÓ-
ÒÚÓflÌÌ‡fl. éÚÒ˛‰‡ Ò‡ÁÛ ÔÓÎÛ˜‡ÂÏ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ
‰Îfl R(r) ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË r = 0:

(31)

„‰Â A Ë B – ÔÓËÁ‚ÓÎ¸Ì˚Â ÔÓÒÚÓflÌÌ˚Â. ëËÏ‚ÓÎÓÏ
o(r4/3) Ó·ÓÁÌ‡˜ÂÌ˚ ÒÎ‡„‡ÂÏ˚Â, Û·˚‚‡˛˘ËÂ ÔË
r → 0$ ·˚ÒÚÂÂ, ˜ÂÏ r4/3. äÓÌÒÚ‡ÌÚ‡ A = R(0) 
‚ (31) ÌÂ ‡‚Ì‡ ÌÛÎ˛, ËÌ‡˜Â ÙÛÌÍˆËfl R(r) ·˚Î‡
·˚ ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ ‡‚Ì‡ ÌÛÎ˛, ˜ÚÓ ÌÂ ËÏÂÂÚ
ÒÏ˚ÒÎ‡.

í‡ÍËÏ Ó·‡ÁÓÏ, Û‡‚ÌÂÌËÂ (24) ËÏÂÂÚ ‰‚‡ 
ÙËÁË˜ÂÒÍË ‡ÁÎË˜Ì˚ı Â¯ÂÌËfl. èÂ‚ÓÂ Û‰Ó‚ÎÂ-
Ú‚ÓflÂÚ ÛÒÎÓ‚Ë˛ ÒÔÎÓ¯ÌÓÒÚË, ‚ÚÓÓÂ ÓÔËÒ˚‚‡ÂÚ
‰ÂÙÓÏ‡ˆË˛, ÒÓÔÓ‚ÓÊ‰‡˛˘Û˛Òfl ‚ÓÁÌËÍÌÓ‚Â-
ÌËÂÏ ÔÓÎÓÒÚË Ì‡ ÓÒË ˆËÎËÌ‰‡. á‡ÏÂÚËÏ, ˜ÚÓ 
‰Îfl ‰‡ÌÌÓÈ ÏÓ‰ÂÎË Ï‡ÚÂË‡Î‡ Á‡‰‡˜‡ Ó ‚ËÌÚÓ‚ÓÈ
‰ËÒÎÓÍ‡ˆËË [14] ‚ÓÓ·˘Â ÌÂ ËÏÂÂÚ Â¯ÂÌËfl ÔÂ-
‚Ó„Ó ÚËÔ‡.

Ç Í‡˜ÂÒÚ‚Â Í‡Â‚Ó„Ó ÛÒÎÓ‚Ëfl ‚ ÚÓ˜ÍÂ r = 0 ‰Îfl
‚ÚÓÓ„Ó Â¯ÂÌËfl, Í‡Í Ë ‚ [4], ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸

R r B r o r( ) exp( [ ( )]),/ /≈ +A 4 3 4 3

 C C K4 3 1 0
2 2

= − +[ ( )] /( )ω β β �
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 → ∞4
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





→�
2 4

0ÔË

lim ( ) ( ) ,
y

y
→

= < ∞
0

1 1 0ω ω

ÛÒÎÓ‚ËÂ ÓÚÒÛÚÒÚ‚Ëfl Ì‡ÔflÊÂÌËÈ Ì‡ ÔÓ‚ÂıÌÓÒÚË
Ó·‡ÁÓ‚‡‚¯ÂÈÒfl ÔÓÎÓÒÚË

(32)

èÓ‰ÒÚ‡‚Îflfl (31) ‚ (32), ÔÓÎÛ˜‡ÂÏ Ò‚flÁ¸ ÏÂÊ‰Û
ÍÓÌÒÚ‡ÌÚ‡ÏË A Ë B. èÂ‰ÒÚ‡‚ÎÂÌËÂ (31) ‰Îfl R(r) ‚
ÓÍÂÒÚÌÓÒÚË ÌÛÎfl ÔËÌËÏ‡ÂÚ ‚Ë‰

(33)

èÓÎÛ˜ÂÌËÂ ÒÎÂ‰Û˛˘Ëı ˜ÎÂÌÓ‚ ‚ ‡ÒËÏÔÚÓÚË-
˜ÂÒÍÓÏ ‡ÁÎÓÊÂÌËË (33) ÌÂ ÚÛ‰ÌÓ. á‡‚ËÒËÏÓÒÚ¸
ÍÓÌÒÚ‡ÌÚ˚ Ä, ÔÂ‰ÒÚ‡‚Îfl˛˘ÂÈ ÒÓ·ÓÈ ‡‰ËÛÒ
‚ÓÁÌËÍ‡˛˘ÂÈ ÔÓÎÓÒÚË, ÓÚ Ô‡‡ÏÂÚ‡ ‰ËÒÍÎË-
Ì‡ˆËË ·˚Î‡ ÓÔÂ‰ÂÎÂÌ‡ ˜ËÒÎÂÌÌÓ. ê‡Ò˜ÂÚ˚ 
ÔÓÍ‡Á‡ÎË, ˜ÚÓ Â¯ÂÌËfl ÔÓ‰Ó·ÌÓ„Ó ‚Ë‰‡, Û‰Ó‚-
ÎÂÚ‚Ófl˛˘ËÂ Ë ‚ÚÓÓÏÛ Í‡Â‚ÓÏÛ ÛÒÎÓ‚Ë˛, 
ÒÛ˘ÂÒÚ‚Û˛Ú ÎË¯¸ ÔË � < 1 (ÔÓÎÓÊËÚÂÎ¸Ì‡fl
‰ËÒÍÎËÌ‡ˆËfl). á‡‚ËÒËÏÓÒÚ¸ ‡‰ËÛÒ‡ Ó·‡ÁÛ˛-
˘ÂÈÒfl ÔÓÎÓÒÚË ÓÚ Ô‡‡ÏÂÚ‡ δ = � – 1 ËÁÓ·‡-
ÊÂÌ‡ Ì‡ ËÒ. 5.

ÑÎfl ÍÓÏÔÓÌÂÌÚ ÚÂÌÁÓ‡ Ì‡ÔflÊÂÌËÈ äÓ¯Ë T,
Ò‚flÁ‡ÌÌÓ„Ó Ò ÚÂÌÁÓÓÏ èËÓÎ˚ D ÒÓÓÚÌÓ¯ÂÌËÂÏ
T = det(C)–1CT · D, Ò Û˜ÂÚÓÏ ‡ÒËÏÔÚÓÚËÍË (30) ÔÓ-
ÎÛ˜‡ÂÏ ÔÂ‰ÂÎ¸Ì˚Â ÒÓÓÚÌÓ¯ÂÌËfl ‚Ë‰‡ 

ëÎÂ‰ÛÂÚ ÔÓ‰˜ÂÍÌÛÚ¸, ˜ÚÓ Ì‡È‰ÂÌÌ˚Â Â¯Â-
ÌËfl ÌÂ fl‚Îfl˛ÚÒfl ‰‚ÛÏfl ‡ÁÎË˜Ì˚ÏË Â¯ÂÌËflÏË
Ó‰ÌÓÈ ÌÂÎËÌÂÈÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë. ä‡Ê‰ÓÂ ËÁ
ÌËı Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ò‚ÓÂÈ Á‡‰‡˜Â ‡‚ÌÓ‚ÂÒËfl, 
ÓÚÎË˜‡˛˘ÂÈÒfl ÓÚ ‰Û„ÓÈ Í‡Â‚˚Ï ÛÒÎÓ‚ËÂÏ ‚
ÌÛÎÂ. åÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ Ó·‡ ˝ÚË Â¯ÂÌËfl 
ÛÒÚÓÈ˜Ë‚˚ ÓÚÌÓÒËÚÂÎ¸ÌÓ Ï‡Î˚ı ‡‰Ë‡Î¸Ì˚ı
‚ÓÁÏÛ˘ÂÌËÈ.

Ç˚‚Ó‰˚ Ó ÔÂ‰ÔÓ˜ÚËÚÂÎ¸ÌÓÒÚË Â¯ÂÌËfl,
ÓÔËÒ˚‚‡˛˘Â„Ó Ó·‡ÁÓ‚‡ÌËÂ ÔÓÎÓÒÚË, ÏÓ„ÛÚ
·˚Ú¸ Ò‰ÂÎ‡Ì˚ Ì‡ ÓÒÌÓ‚Â Ò‡‚ÌÂÌËfl ÛÔÛ„Ëı
˝ÌÂ„ËÈ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ‰‚ÛÏ ÒÓÒÚÓflÌËflÏ. 
Ç ÒÎÛ˜‡Â � < 1 ‚˚˜ËÒÎÂÌËfl ÔÓ ÙÓÏÛÎÂ (5) ‰Îfl
Â¯ÂÌËfl (28) ‰‡˛Ú 

ìÔÛ„‡fl ˝ÌÂ„Ëfl ˆËÎËÌ‰‡ Ò ÔÓÎÓÒÚ¸˛ ÓÔÂ‰Â-
ÎflÎ‡Ò¸ ˜ËÒÎÂÌÌÓ. ê‡Ò˜ÂÚ˚ ÔÓÍ‡Á‡ÎË, ˜ÚÓ Í‡Í Ë ‚
ÒÎÛ˜‡Â ÌÂÒÊËÏ‡ÂÏ˚ı Ï‡ÚÂË‡ÎÓ‚ ˝ÌÂ„Ëfl
ÒÔÎÓ¯ÌÓ„Ó ˆËÎËÌ‰‡ ÔÂ‚ÓÒıÓ‰ËÚ ˝ÌÂ„Ë˛ ÔÓÎÓ-
„Ó. ê‡ÁÌËˆ‡ ‚ ˝ÌÂ„Ëflı ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î‡ ÔË ÁÌ‡-
˜ÂÌËflı Ô‡‡ÏÂÚ‡ �, ·ÎËÁÍËı Í Â‰ËÌËˆÂ (0,002%
ÔË � = 0,9), Ë ·˚ÒÚÓ ‚ÓÁ‡ÒÚ‡ÂÚ Ò ÛÏÂÌ¸¯ÂÌËÂÏ
� (9% ÔË � = 0,7).

 Π = −−2 11
2 1 2 3 2πµ βr ( )./ /�

 T T TRR → → →0,   ,   .ΦΦ µ µZZ
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êËÒ. 5. á‡‚ËÒËÏÓÒÚ¸ ‡‰ËÛÒ‡ Ó·‡ÁÛ˛˘ÂÈÒfl ÔÓÎÓÒÚË A ÓÚ 
Ô‡‡ÏÂÚ‡ ‰ËÒÍÎËÌ‡ˆËË δ
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ON  THE  CAVITATION  ALONG  
THE  WEDGE DISCLINATION  LINE

IN  NONLINEARLY  ELASTIC  CYLINDER

M.I. Karyakin, O.G. Pustovalova

By means of different models of nonlinear elasticity a problem on cavity formation along the axis of iso-
lated screw disclination was investigated. The models of incompressible media were used and necessary
condition for the elastic potential energy function was analyzed. The influence of surface tension and
microstructure effects upon the hole formation was studied. With usage of one partial model of compressi-
ble material it was shown that the possibility of the hole formation is not consequence of the incompres-
sibility hypothesis.
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