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1. àÒıÓ‰Ì˚Â ÒÓÓÚÌÓ¯ÂÌËfl. ìÔÛ„ËÂ Ò‚ÓÈÒÚ‚‡
ÚÓÌÍÓÈ Ó·ÓÎÓ˜ÍË ‚ ‡ÏÍ‡ı ÚÂÓËË ÚËÔ‡ äËı„Ó-
Ù‡–ãfl‚‡ [1–3] ÓÔÂ‰ÂÎfl˛ÚÒfl Á‡‰‡ÌËÂÏ ÙÛÌÍˆËË
Û‰ÂÎ¸ÌÓÈ (Ì‡ Â‰ËÌËˆÛ ÔÎÓ˘‡‰Ë ÒÂ‰ËÌÌÓÈ ÔÓ‚Âı-
ÌÓÒÚË) ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË ‰ÂÙÓÏ‡ˆËË W,

W = W(�, �), (1)

(2)

á‰ÂÒ¸ n – Â‰ËÌË˜Ì‡fl ÌÓÏ‡Î¸ Í ÔÓ‚ÂıÌÓÒÚË
Ó·ÓÎÓ˜ÍË σ, g Ë b – ÔÂ‚˚È Ë ‚ÚÓÓÈ ÙÛÌ‰‡ÏÂÌ-
Ú‡Î¸Ì˚Â ÚÂÌÁÓ˚ Ì‡ σ [3], E – ÚÂıÏÂÌ˚È Â‰Ë-
ÌË˜Ì˚È ÚÂÌÁÓ, v – ‚ÂÍÚÓÌÓÂ ÔÓÎÂ ÒÏÂ˘ÂÌËÈ
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Ç ‡ÏÍ‡ı ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÚÂÓËË äËı„ÓÙ‡–ãfl‚‡ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Á‡‰‡˜‡ Ó Ì‡ÔflÊÂÌÌÓÏ ÒÓÒÚÓ-
flÌËË ÚÓÌÍÓÈ ÛÔÛ„ÓÈ Ó·ÓÎÓ˜ÍË, ÒÓ‰ÂÊ‡˘ÂÈ ‰ËÒÎÓÍ‡ˆËË Ë ‰ËÒÍÎËÌ‡ˆËË. Ñ‡Ì‡ ÔÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë
Ó ‡‚ÌÓ‚ÂÒËË ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·ÓÎÓ˜ÍË Ò ‰ËÒÎÓÍ‡ˆËflÏË ÇÓÎ¸ÚÂ‡, ı‡‡ÍÚÂËÒÚËÍË ÍÓÚÓ˚ı Á‡‰‡-
Ì˚. èÛÚÂÏ ÔÂ‰ÂÎ¸ÌÓ„Ó ÔÂÂıÓ‰‡ ÓÚ ‰ËÒÍÂÚÌÓ„Ó Ì‡·Ó‡ ËÁÓÎËÓ‚‡ÌÌ˚ı ‰ÂÙÂÍÚÓ‚ Í Ëı ÌÂÔÂ-
˚‚ÌÓÏÛ ‡ÒÔÂ‰ÂÎÂÌË˛ ÔÓÒÚÓÂÌ‡ ÎËÌÂÈÌ‡fl ÚÂÓËfl Ó·ÓÎÓ˜ÂÍ Ò ‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË ‰ËÒÎÓÍ‡ˆËflÏË
Ë ‰ËÒÍÎËÌ‡ˆËflÏË. ìÒÚ‡ÌÓ‚ÎÂÌ ÔËÌˆËÔ ‰‚ÓÈÒÚ‚ÂÌÌÓÒÚË ÚÂÓËË Ó·ÓÎÓ˜ÂÍ, ÒÓÒÚÓfl˘ËÈ ‚ Ï‡ÚÂÏ‡ÚË-
˜ÂÒÍÓÈ ˝Í‚Ë‚‡ÎÂÌÚÌÓÒÚË Í‡Â‚ÓÈ Á‡‰‡˜Ë Ó Ì‡ÔflÊÂÌÌÓÏ ÒÓÒÚÓflÌËË Ó·ÓÎÓ˜ÍË, Ó·ÛÒÎÓ‚ÎÂÌÌÓÏ ÌÂ-
ÔÂ˚‚ÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË ‰ËÒÎÓÍ‡ˆËflÏË Ë ‰ËÒÍÎËÌ‡ˆËflÏË Ë Í‡Â‚ÓÈ Á‡‰‡˜Ë Ó ‡‚ÌÓ‚ÂÒËË Ó·Ó-
ÎÓ˜ÍË ÔÓ‰ ‰ÂÈÒÚ‚ËÂÏ Á‡‰‡ÌÌ˚ı ‡ÒÔÂ‰ÂÎÂÌÌ˚ı Ì‡„ÛÁÓÍ. ëÙÓÏÛÎËÓ‚‡Ì‡ ÔÓ·ÎÂÏ‡ ·ÂÒÍÓÌÂ˜-
ÌÓ Ï‡Î˚ı ËÁ„Ë·‡ÌËÈ ÔÓ‚ÂıÌÓÒÚË ÔË Ì‡ÎË˜ËË ‡ÒÔÂ‰ÂÎÂÌÌ˚ı ‰ËÒÎÓÍ‡ˆËÈ. êÂ¯ÂÌ‡ Á‡‰‡˜‡ Ó· ËÁ-
„Ë·‡ÌËflı Á‡ÏÍÌÛÚÓÈ ÒÙÂ˚ Ò ÌÂÔÂ˚‚ÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË ‰ËÒÎÓÍ‡ˆËflÏË. ç‡È‰ÂÌÓ ÌÂÚË‚Ë‡Î¸-
ÌÓÂ „Î‡‰ÍÓÂ ÔÓÎÂ ÔÓ‚ÓÓÚÓ‚ ˝ÎÂÏÂÌÚ‡Ì˚ı ÔÎÓ˘‡‰ÓÍ ÒÙÂ˚ Ò ‰ËÒÎÓÍ‡ˆËflÏË ÔË ÂÂ ËÁÓÏÂÚË˜Â-
ÒÍÓÈ ‰ÂÙÓÏ‡ˆËË.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÏÌÓ„ÓÒ‚flÁÌ‡fl Ó·ÓÎÓ˜Í‡, ·ÂÒÍÓÌÂ˜ÌÓ Ï‡Î˚Â ËÁ„Ë·‡ÌËfl, ÌÂÔÂ˚‚ÌÓ ‡ÒÔÂ-
‰ÂÎÂÌÌ˚Â ‰ÂÙÂÍÚ˚.

ÔÓ‚ÂıÌÓÒÚË σ, w – ÌÓÏ‡Î¸Ì˚È ÔÓ„Ë·, � Ë � –
ÚÂÌÁÓ˚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ú‡Ì„ÂÌˆË‡Î¸Ì˚ı Ë ËÁ-
„Ë·Ì˚ı ‰ÂÙÓÏ‡ˆËÈ Ó·ÓÎÓ˜ÍË, yα – „‡ÛÒÒÓ‚˚ ÍÓ-
Ó‰ËÌ‡Ú˚ Ì‡ σ, r – ‡‰ËÛÒ-‚ÂÍÚÓ ÚÓ˜ÍË ÔÓ‚Âı-
ÌÓÒÚË σ, – ÒËÏ‚ÓÎ äÓÌÂÍÂ‡, �(y1, y2) – ÌÂÍÓ-

ÚÓÓÂ ‰ËÙÙÂÂÌˆËÛÂÏÓÂ ÚÂÌÁÓÌÓÂ ÔÓÎÂ ÔÓ-
ËÁ‚ÓÎ¸ÌÓ„Ó ‡Ì„‡, grad – ÓÔÂ‡ÚÓ „‡‰ËÂÌÚ‡ Ì‡
ÔÓ‚ÂıÌÓÒÚË [3]. çËÊÂ ·Û‰ÛÚ Ú‡ÍÊÂ ËÒÔÓÎ¸ÁÓ-
‚‡Ú¸Òfl ÓÔÂ‡ÚÓ˚ ‰Ë‚Â„ÂÌˆËË Ë ÓÚÓ‡ Ì‡ σ: 

Ç‚Â‰fl ‚ ‡ÒÒÏÓÚÂÌËÂ ‚ÂÍÚÓÌÓÂ ÔÓÎÂ ÔÓ‚ÓÓ-
ÚÓ‚ � [1–3] 

(3)

ËÁ (1), (3) ÔÓÎÛ˜ËÏ 

gradv = ε – g × ω. (4)

ÖÒÎË Ó·ÓÎÓ˜Í‡, ‡ÒÒÏ‡ÚË‚‡ÂÏ‡fl Í‡Í ‰‚ÛÏÂ-
Ì˚È ÍÓÌÚËÌÛÛÏ, Ú.Â. Í‡Í Ï‡ÚÂË‡Î¸Ì‡fl ÔÓ‚Âı-
ÌÓÒÚ¸ σ, ÔÂÂÏÂ˘‡ÂÚÒfl Í‡Í ‡·ÒÓÎ˛ÚÌÓ Ú‚Â‰ÓÂ
ÚÂÎÓ, ÚÓ ÔÓÎÂ ÒÏÂ˘ÂÌËÈ ËÏÂÂÚ ‚Ë‰ 

„‰Â v0, �0, r0 – ÔÓÒÚÓflÌÌ˚Â ‚ÂÍÚÓ˚. Ç ˝ÚÓÏ ÒÎÛ-
˜‡Â ËÁ (1)–(3) ÔÓÎÛ˜‡ÂÏ ÒÓÓÚÌÓ¯ÂÌËfl � = � = 0, 

 v v r r= + × −0 0 0� ( ),
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� = �0, ‡Á˙flÒÌfl˛˘ËÂ „ÂÓÏÂÚË˜ÂÒÍËÈ ÒÏ˚ÒÎ
‚ÂÎË˜ËÌ �, � Ë �. ÇÏÂÒÚÓ ÚÂÌÁÓ‡ � ‚ Í‡˜ÂÒÚ‚Â
ÏÂ˚ ËÁ„Ë·ÌÓÈ ‰ÂÙÓÏ‡ˆËË ÏÓÊÌÓ ÔËÏÂÌflÚ¸
[3, 4] ÒËÏÏÂÚË˜Ì˚È ÚÂÌÁÓ k,

(5)

e = –n × g, 

„‰Â e – ‰ËÒÍËÏËÌ‡ÌÚÌ˚È ÚÂÌÁÓ ÔÓ‚ÂıÌÓÒÚË. 
ì‡‚ÌÂÌËfl ‡‚ÌÓ‚ÂÒËfl Ó·ÓÎÓ˜ÍË ‚ ÛÒËÎËflı Ë

ÏÓÏÂÌÚ‡ı ÏÓ„ÛÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ [3] ‚ ÙÓÏÂ
Ó‰ÌÓ„Ó ‚ÂÍÚÓÌÓ„Ó Û‡‚ÌÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ ÒËÏ-
ÏÂÚË˜ÌÓ„Ó ÚÂÌÁÓ‡ ÏÂÏ·‡ÌÌ˚ı ÛÒËÎËÈ T Ë
ÒËÏÏÂÚË˜ÌÓ„Ó ÚÂÌÁÓ‡ ÏÓÏÂÌÚÓ‚ M: 

(6)

á‰ÂÒ¸ f – ËÌÚÂÌÒË‚ÌÓÒÚ¸ ‡ÒÔÂ‰ÂÎÂÌÌÓÈ ÔÓ ÔÓ-
‚ÂıÌÓÒÚË σ ‚ÌÂ¯ÌÂÈ ÒËÎÓ‚ÓÈ Ì‡„ÛÁÍË, � – ËÌ-
ÚÂÌÒË‚ÌÓÒÚ¸ ‡ÒÔÂ‰ÂÎÂÌÌÓ„Ó ÔÓ σ ‚ÌÂ¯ÌÂ„Ó ÏÓ-
ÏÂÌÚ‡. á‡ÏÂÚËÏ, ˜ÚÓ ‚ Û‡‚ÌÂÌËË ‡‚ÌÓ‚ÂÒËfl (6)
ÌÂ Û˜‡ÒÚ‚ÛÂÚ ÌÓÏ‡Î¸Ì‡fl ÒÓÒÚ‡‚Îfl˛˘‡fl � ⋅ n
‚ÌÂ¯ÌÂÈ ÏÓÏÂÌÚÌÓÈ Ì‡„ÛÁÍË. ëËÏÏÂÚË˜Ì˚Â
ÚÂÌÁÓ˚ ÛÒËÎËÈ Ë ÏÓÏÂÌÚÓ‚ ‚˚‡Ê‡˛ÚÒfl ˜ÂÂÁ
‰ÂÙÓÏ‡ˆËË Ó·ÓÎÓ˜ÍË ÔË ÔÓÏÓ˘Ë ÓÔÂ‰ÂÎfl˛-
˘Ëı ÒÓÓÚÌÓ¯ÂÌËÈ [3, 4] 

(7)

2. ì‡‚ÌÂÌËfl ÌÂÒÓ‚ÏÂÒÚÌÓÒÚË. ê‡ÒÒÏÓÚËÏ Á‡-
‰‡˜Û ÓÔÂ‰ÂÎÂÌËfl ÔÓÎfl ÔÂÂÏÂ˘ÂÌËÈ Ó·ÓÎÓ˜ÍË
ÔÓ Á‡‰‡ÌÌ˚Ï ÔÓÎflÏ ÚÂÌÁÓ‡ ‰ÂÙÓÏ‡ˆËÈ ε Ë ‚ÂÍ-
ÚÓ‡ ÔÓ‚ÓÓÚÓ‚ ω, ÍÓÚÓ˚Â ÔÂ‰ÔÓÎ‡„‡˛ÚÒfl
‰ËÙÙÂÂÌˆËÛÂÏ˚ÏË ÙÛÌÍˆËflÏË ÍÓÓ‰ËÌ‡Ú Ì‡
ÔÓ‚ÂıÌÓÒÚË σ. ç‡ ÓÒÌÓ‚‡ÌËË (4) ËÏÂÂÏ 

(8)

ÖÒÎË ÔÓ‚ÂıÌÓÒÚ¸ σ Ó‰ÌÓÒ‚flÁÌ‡, ÚÓ ÌÂÓ·ıÓ‰Ë-
ÏÓÂ Ë ‰ÓÒÚ‡ÚÓ˜ÌÓÂ ÛÒÎÓ‚ËÂ ÌÂÁ‡‚ËÒËÏÓÒÚË ËÌÚÂ-
„‡Î‡ ‚ (8) ÓÚ ÔÛÚË ËÌÚÂ„ËÓ‚‡ÌËfl Á‡ÍÎ˛˜‡ÂÚÒfl
‚ ‚˚ÔÓÎÌÂÌËË ‡‚ÂÌÒÚ‚‡ 

div(e ⋅ �) = div(e × �). (9)

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÌÂÍÓÚÓ˚È Û˜‡ÒÚÓÍ σ0 ÔÓ-
‚ÂıÌÓÒÚË Ó·ÓÎÓ˜ÍË Ë ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ Ó·-
Î‡ÒÚ¸ σ0 ÏÌÓ„ÓÒ‚flÁÌ‡ Ë „ÓÏÂÓÏÓÙÌ‡ ÍÛ„Û Ò
ÍÛ„Ó‚˚ÏË ÓÚ‚ÂÒÚËflÏË, ‡ ÙÛÌÍˆËË � Ë � Ó‰ÌÓ-
ÁÌ‡˜Ì˚ ‚ ˝ÚÓÈ ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·Î‡ÒÚË. èÓÎÂ ÔÂÂ-
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[(grad ) (grad ) ]� � Ú

ÏÂ˘ÂÌËÈ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ·Û‰ÂÚ, ‚ÓÓ·˘Â „Ó‚Ófl,
Ó·Î‡‰‡Ú¸ ÌÂÓ‰ÌÓÁÌ‡˜ÌÓÒÚ¸˛, ÒÓÒÚÓfl˘ÂÈ ‚ ÚÓÏ,
˜ÚÓ ÔË Ó·ıÓ‰Â Á‡ÏÍÌÛÚÓ„Ó ÍÓÌÚÛ‡, Óı‚‡Ú˚‚‡˛-
˘Â„Ó Ó‰ÌÓ ËÁ ÓÚ‚ÂÒÚËÈ, ‚ÂÍÚÓ v ÔÓÎÛ˜‡ÂÚ ÔË-
‡˘ÂÌËÂ, ‡‚ÌÓÂ ‚ÂÍÚÓÛ Å˛„ÂÒ‡ Bs: 

(10)

ÇÂÍÚÓ Bs ÌÂ Á‡‚ËÒËÚ ÓÚ ‚˚·Ó‡ ÍÓÌÚÛ‡ γs ÔË 
ÛÒÎÓ‚ËË, ˜ÚÓ ÍÓÌÚÛ Óı‚‡Ú˚‚‡ÂÚ ÚÓÎ¸ÍÓ Ó‰ÌÓ s-Â
ÓÚ‚ÂÒÚËÂ. èË ÔÓÏÓ˘Ë (10) Ì‡È‰ÂÏ ÒÛÏÏ‡Ì˚È
‚ÂÍÚÓ Å˛„ÂÒ‡ ‰Îfl ÒËÒÚÂÏ˚ ‰ËÒÎÓÍ‡ˆËÓÌÌ˚ı
‰ÂÙÂÍÚÓ‚, ‡ÒÔÓÎÓÊÂÌÌ˚ı Ì‡ Û˜‡ÒÚÍÂ σ0 ÔÓ‚Âı-
ÌÓÒÚË σ: 

(11)

Ç ÒËÎÛ ËÁ‚ÂÒÚÌ˚ı Ò‚ÓÈÒÚ‚ ÍË‚ÓÎËÌÂÈÌ˚ı ËÌ-
ÚÂ„‡ÎÓ‚ Ë Ó‰ÌÓÁÌ‡˜ÌÓÒÚË ÔÓÎÂÈ � Ë � ÒÛÏÏÛ ËÌ-
ÚÂ„‡ÎÓ‚ ‚ (11) ÏÓÊÌÓ Á‡ÏÂÌËÚ¸ Ó‰ÌËÏ ËÌÚÂ„‡-
ÎÓÏ ÔÓ Á‡ÏÍÌÛÚÓÏÛ ÍÓÌÚÛÛ γ0, Óı‚‡Ú˚‚‡˛˘ÂÏÛ
‚ÒÂ ÓÚ‚ÂÒÚËfl ‚ Ó·Î‡ÒÚË σ0:

(12)

ÑÎfl ÔÂÂıÓ‰‡ ÓÚ ‰ËÒÍÂÚÌÓ„Ó Ì‡·Ó‡ ‰ËÒÎÓÍ‡-
ˆËÈ Í Ëı ÌÂÔÂ˚‚ÌÓÏÛ ‡ÒÔÂ‰ÂÎÂÌË˛ ‰Ë‡ÏÂÚ-
˚ ÓÚ‚ÂÒÚËÈ ÛÒÚÂÏÎflÂÏ Í ÌÛÎ˛, ‡ ÔÓÎfl ÚÂÌÁÓ-
‡ � Ë ‚ÂÍÚÓ‡ � Ò˜ËÚ‡ÂÏ ‰ËÙÙÂÂÌˆËÛÂÏ˚ÏË
ÙÛÌÍˆËflÏË ‚ Ó·Î‡ÒÚË σ0, Ó„‡ÌË˜ÂÌÌÓÈ ÍÓÌÚÛ-
ÓÏ γ0. èÂÓ·‡ÁÛfl ÍÓÌÚÛÌ˚È ËÌÚÂ„‡Î ‚ (12),
ÔÓÎÛ˜ËÏ 

(13)

èÓÒÍÓÎ¸ÍÛ B – ÒÛÏÏ‡Ì˚È ‚ÂÍÚÓ Å˛„ÂÒ‡
‚ÒÂı ‰ËÒÎÓÍ‡ˆËÈ, ÒÓ‰ÂÊ‡˘ËıÒfl ‚ Ó·Î‡ÒÚË σ0, ‚Â-
ÍÚÓÌÛ˛ ‚ÂÎË˜ËÌÛ � ÒÎÂ‰ÛÂÚ Ì‡Á‚‡Ú¸ ÔÎÓÚÌÓ-
ÒÚ¸˛ ‰ËÒÎÓÍ‡ˆËÈ. èË � = 0 ÒÓÓÚÌÓ¯ÂÌËÂ (13)
ÔÂÂıÓ‰ËÚ ‚ Û‡‚ÌÂÌËÂ (9). 

Ñ‡ÎÂÂ ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ˜‡ÒÚ¸ Ó·ÓÎÓ˜ÍË, ÒÓ-
‰ÂÊ‡˘‡fl ÌÂÔÂ˚‚ÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚Â ‰ËÒÎÓÍ‡-
ˆËË, Á‡ÌËÏ‡ÂÚ ÏÌÓ„ÓÒ‚flÁÌÛ˛ Ó·Î‡ÒÚ¸, Ë ÔÓÒÚ‡‚ËÏ
Á‡‰‡˜Û Ó· ÓÔÂ‰ÂÎÂÌËË ÔÓÎfl ÔÓ‚ÓÓÚÓ‚ � ‚ ÏÌÓ-
„ÓÒ‚flÁÌÓÈ Ó·Î‡ÒÚË ÔÓ Á‡‰‡ÌÌ˚Ï Ó‰ÌÓÁÌ‡˜Ì˚Ï Ë
‰ËÙÙÂÂÌˆËÛÂÏ˚Ï ÔÓÎflÏ �, � Ë �. íÂÔÂ¸ Ï˚
ÓÚÍ‡Á˚‚‡ÂÏÒfl ÓÚ ÚÂ·Ó‚‡ÌËfl Ó‰ÌÓÁÌ‡˜ÌÓÒÚË ÔÓ-
‚ÓÓÚÓ‚. ëÓÒÚ‡‚ËÏ Ì‡ ÓÒÌÓ‚‡ÌËË (1), (2), (3), (13)
Û‡‚ÌÂÌËÂ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ÔÓÎfl ÔÓ‚ÓÓÚÓ‚. àÁ
(1) Ì‡ıÓ‰ËÏ 

(grad�) ⋅ n ⊗ n = g ⋅ (	 – �) ⊗ n,      

γ ≡ div(e ⋅ �). (14)

àÁ ÓÔÂ‰ÂÎÂÌËfl ÚÂÌÁÓ‡ � (2) ËÏÂÂÏ 

(grad�) ⋅ e = � – b ⋅ �, 

 

B e e= = ⋅ − ×∫∫
σ

σ
0

� � � �d ,      div( ).

 

B r g= ⋅ − ×∫
γ 0

d ( ).� �

 

B B r g= = ⋅ − ×∑ ∑ ∫
s

s
s s

d
γ

( ).� �

 

B r gs
s

d= ⋅ − ×∫
γ

( ).� �
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ÓÚÍÛ‰‡ Ë ËÁ (5), (14) ÔÓÎÛ˜‡ÂÏ 

grad� = L, (15)

Ç‡ÊÌÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‚ Ô‡‚ÓÈ ˜‡ÒÚË Û‡‚ÌÂ-
ÌËfl (15) ÌÂ Û˜‡ÒÚ‚ÛÂÚ ÌÓÏ‡Î¸Ì‡fl ÒÓÒÚ‡‚Îfl˛˘‡fl
ÔÎÓÚÌÓÒÚË ‰ËÒÎÓÍ‡ˆËÈ � ⋅ n, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl
‚ËÌÚÓ‚˚Ï ‰ËÒÎÓÍ‡ˆËflÏ. àÌÚÂ„ËÓ‚‡ÌËÂ Û‡‚-
ÌÂÌËfl (15) ‰‡ÂÚ 

(16)

Ç˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚Ëfl div(e ⋅ L) = 0 ‚ Ó‰ÌÓÒ‚flÁ-
ÌÓÈ Ó·Î‡ÒÚË „‡‡ÌÚËÛÂÚ ÌÂÁ‡‚ËÒËÏÓÒÚ¸ ËÌÚÂ-
„‡Î‡ ‚ (16) ÓÚ ‚˚·Ó‡ ÍË‚ÓÈ, ÒÓÂ‰ËÌfl˛˘ÂÈ
ÚÓ˜ÍË r0 Ë r. 

Ç ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·Î‡ÒÚË ÔÓÎÂ ÔÓ‚ÓÓÚÓ‚, Á‡‰‡-
‚‡ÂÏÓÂ ÙÓÏÛÎÓÈ (16), ‚ÓÓ·˘Â „Ó‚Ófl, ÌÂÓ‰ÌÓ-
ÁÌ‡˜ÌÓ. èË Ó·ıÓ‰Â Á‡ÏÍÌÛÚÓ„Ó ÍÓÌÚÛ‡, Óı‚‡-
Ú˚‚‡˛˘Â„Ó Ó‰ÌÓ ËÁ ÓÚ‚ÂÒÚËÈ, ‚ÂÍÚÓ � ÔÓÎÛ˜‡-
ÂÚ ÔË‡˘ÂÌËÂ, ‡‚ÌÓÂ ‚ÂÍÚÓÛ î‡ÌÍ‡ 

éÚÎË˜ËÂ ÓÚ ÌÛÎfl ÔÓÒÚÓflÌÌ˚ı Qk ÓÁÌ‡˜‡ÂÚ ÒÛ-
˘ÂÒÚ‚Ó‚‡ÌËÂ ËÁÓÎËÓ‚‡ÌÌ˚ı ‰ËÒÍÎËÌ‡ˆËÈ ‚ ÏÌÓ-
„ÓÒ‚flÁÌÓÈ Ó·ÓÎÓ˜ÍÂ Ò ÌÂÔÂ˚‚ÌÓ ‡ÒÔÂ‰ÂÎÂÌ-
Ì˚ÏË ‰ËÒÎÓÍ‡ˆËflÏË. ëÛÏÏ‡Ì˚È ‚ÂÍÚÓ î‡ÌÍ‡
‰ËÒÍÂÚÌÓ„Ó Ì‡·Ó‡ ‰ËÒÍÎËÌ‡ˆËÈ ‚˚‡Ê‡ÂÚÒfl
ÙÓÏÛÎÓÈ 

(17)

ê‡ÒÒÛÊ‰‡fl ‡Ì‡ÎÓ„Ë˜ÌÓ ÔÂ‰˚‰Û˘ÂÏÛ, ÔÂÂÈ-
‰ÂÏ ÓÚ ‰ËÒÍÂÚÌÓ„Ó Ì‡·Ó‡ ‰ËÒÍÎËÌ‡ˆËÈ Í Ëı ÌÂ-
ÔÂ˚‚ÌÓÏÛ ‡ÒÔÂ‰ÂÎÂÌË˛ Ò ‚ÂÍÚÓÌÓÈ ÔÎÓÚ-
ÌÓÒÚ¸˛ 
, ‰Îfl ÍÓÚÓÓÈ ÔÓÎÛ˜‡ÂÚÒfl ‚˚‡ÊÂÌËÂ 


 = div(e ⋅ L). (18)

ë˜ËÚ‡fl ÔÎÓÚÌÓÒÚË ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎËÌ‡ˆËÈ
Á‡‰‡ÌÌ˚ÏË ÙÛÌÍˆËflÏË ÍÓÓ‰ËÌ‡Ú Ì‡ ÔÓ‚ÂıÌÓ-
ÒÚË, ËÁ (15) Ë (18) ÔËıÓ‰ËÏ Í Û‡‚ÌÂÌË˛ ÌÂÒÓ‚-
ÏÂÒÚÌÓÒÚË ÚÂÓËË Ó·ÓÎÓ˜ÂÍ 

(19)

Ç ˜‡ÒÚÌÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‰ËÒÍÎËÌ‡ˆËË ÓÚÒÛÚ-
ÒÚ‚Û˛Ú (
 = 0), Û‡‚ÌÂÌËÂ (19) ·˚ÎÓ ‚˚‚Â‰ÂÌÓ
‡ÌÂÂ [5]. èË � = 0, 
 = 0 ÓÌÓ ÔÂÂıÓ‰ËÚ ‚ ËÁ-

 ′ = ⋅ ⋅ ′ = ⋅ ⋅� �e e k e k e,      .
 + × ⊗ + =div( ) ,� 
n n 0

 
div ( ) (div )′ + ⋅ ′ − ′ ⋅ + ⋅ ′ ⊗





+k b b g n1
2

� � �

Q Q r L r L= = ⋅ = ⋅∑ ∑ ∫ ∫
k

k
k k

d d
γ γ 0

.

Q r Lk
k

d= ⋅∫
γ

.

 

� �( ) ( ).r r L r
r

r
= ⋅ +∫

0
0d

L k e b e b e g n≡ − ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅ − ⊗1
2

1
2

� � 	 �( ) .

‚ÂÒÚÌÓÂ [4, 5] Û‡‚ÌÂÌËÂ ÒÓ‚ÏÂÒÚÌÓÒÚË (ÌÂ‡Á-
˚‚ÌÓÒÚË) ÚÂÓËË Ó·ÓÎÓ˜ÂÍ ÚËÔ‡ äËı„ÓÙ‡–
ãfl‚‡.

á‡ÏÂÚËÏ, ˜ÚÓ, ÔÓÒÍÓÎ¸ÍÛ ÌÓÏ‡Î¸Ì‡fl ÒÓÒÚ‡‚-
Îfl˛˘‡fl ‚ÂÍÚÓ‡ ÔÎÓÚÌÓÒÚË ‰ËÒÎÓÍ‡ˆËÈ � ⋅ n ÌÂ
‚ıÓ‰ËÚ ‚ Û‡‚ÌÂÌËÂ ÌÂÒÓ‚ÏÂÒÚÌÓÒÚË (19), ‰‚ÛÏÂ-
Ì‡fl ÏÓ‰ÂÎ¸ Ó·ÓÎÓ˜ÍË ÚËÔ‡ äËı„ÓÙ‡–ãfl‚‡ ÌÂ
ÔÓÁ‚ÓÎflÂÚ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÌÂÔÂ˚‚ÌÓÂ ‡ÒÔÂ-
‰ÂÎÂÌËÂ ‚ËÌÚÓ‚˚ı ‰ËÒÎÓÍ‡ˆËÈ. ì˜ÂÚ ÌÂÔÂ˚‚-
ÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚ı ‚ËÌÚÓ‚˚ı ‰ËÒÎÓÍ‡ˆËÈ ‚ÓÁÏÓ-
ÊÂÌ ‚ ‡ÏÍ‡ı ‰‚ÛÏÂÌÓÈ ÚÂÓËË Ó·ÓÎÓ˜ÂÍ ÚËÔ‡
äÓÒÒÂ‡ [6]. 

åÂÊ‰Û Û‡‚ÌÂÌËflÏË ‡‚ÌÓ‚ÂÒËfl (6) Ë Û‡‚ÌÂ-
ÌËflÏË ÌÂÒÓ‚ÏÂÒÚÌÓÒÚË (19) Ó·Ì‡ÛÊË‚‡ÂÚÒfl ÒÚ‡-
ÚËÍÓ-„ÂÓÏÂÚË˜ÂÒÍ‡fl ‡Ì‡ÎÓ„Ëfl, ÒÓ„Î‡ÒÌÓ ÍÓÚÓ-
ÓÈ ˝ÚË Û‡‚ÌÂÌËfl ÔÂÂıÓ‰flÚ ‰Û„ ‚ ‰Û„‡ ÔË Á‡-
ÏÂÌ‡ı T ⇔ k�, M ⇔ ��, � ⇔ �, f ⇔ 
.

ê‡ÌÂÂ ÒÚ‡ÚËÍÓ-„ÂÓÏÂÚË˜ÂÒÍ‡fl ‡Ì‡ÎÓ„Ëfl ·˚Î‡
ËÁ‚ÂÒÚÌ‡ [1, 2, 4] ‰Îfl Ó·ÓÎÓ˜ÍË ·ÂÁ ‰ËÒÎÓÍ‡ˆËÈ,
‰ËÒÍÎËÌ‡ˆËÈ Ë ÔÓ‚ÂıÌÓÒÚÌ˚ı Ì‡„ÛÁÓÍ. 

Ç ÒÎÛ˜‡Â ËÁÓÚÓÔÌÓ„Ó Ï‡ÚÂË‡Î‡ Û‡‚ÌÂÌËfl
ÒÓÒÚÓflÌËfl Ó·ÓÎÓ˜ÍË ËÏÂ˛Ú ‚Ë‰ [3] 

(20)

„‰Â E – ÏÓ‰ÛÎ¸ ûÌ„‡, ν – ÍÓ˝ÙÙËˆËÂÌÚ èÛ‡ÒÒÓÌ‡,
h – ÚÓÎ˘ËÌ‡ Ó·ÓÎÓ˜ÍË. 

3. èËÌˆËÔ ‰‚ÓÈÒÚ‚ÂÌÌÓÒÚË. ê‡ÒÒÏÓÚËÏ Í‡Â-
‚Û˛ Á‡‰‡˜Û Ó ‡‚ÌÓ‚ÂÒËË Ó·ÓÎÓ˜ÍË Ò Á‡‰‡ÌÌ˚ÏË
ÔÎÓÚÌÓÒÚflÏË ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎËÌ‡ˆËÈ. ç‡„ÛÁ-
ÍÛ, ‡ÒÔÂ‰ÂÎÂÌÌÛ˛ ÔÓ ÔÓ‚ÂıÌÓÒÚË Ó·ÓÎÓ˜ÍË σ,
·Û‰ÂÏ Ò˜ËÚ‡Ú¸ ÓÚÒÛÚÒÚ‚Û˛˘ÂÈ. àÒıÓ‰fl ËÁ ÒÚ‡ÚË-
ÍÓ-„ÂÓÏÂÚË˜ÂÒÍÓÈ ‡Ì‡ÎÓ„ËË, ÎÂ„ÍÓ Á‡ÏÂÚËÚ¸,
˜ÚÓ Û‡‚ÌÂÌËflÏ ‡‚ÌÓ‚ÂÒËfl (6) ÔË f= µ = 0 ÏÓÊ-
ÌÓ ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ Û‰Ó‚ÎÂÚ‚ÓËÚ¸, ÔÓÎÓÊË‚ 

(21)

ÇÂÍÚÓÌÓÁÌ‡˜ÌÛ˛ ÙÛÌÍˆË˛ λ ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸
‚ÂÍÚÓÓÏ ÙÛÌÍˆËÈ Ì‡ÔflÊÂÌËÈ. 

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ „‡ÌËˆ‡ Ó·ÓÎÓ˜ÍË Γ ÒÓÒÚÓ-
ËÚ ËÁ ‰‚Ûı Ò‚flÁÌ˚ı Û˜‡ÒÚÍÓ‚: Γ = Γ1 � Γ2. ç‡ Γ1 Á‡-
‰‡Ì˚ ‚ÌÂ¯ÌËÂ ÍÓÌÚÛÌ˚Â Ì‡„ÛÁÍË. ùÚÓ ÔË‚Ó-
‰ËÚ Í ÛÒÎÓ‚ËflÏ Ì‡ ÍÓÌÚÛÌ˚Â ÁÌ‡˜ÂÌËfl ÚÂÌÁÓÓ‚
ÛÒËÎËÈ T Ë ÏÓÏÂÌÚÓ‚ M, ÔË‚Â‰ÂÌÌ˚Ï ‚ [3]. èË

 
M e e e e= ⋅ ⋅ + ⋅ ⋅1

2
[ (grad ) (grad ) ].T� �

 

 � � �= ⋅ ⋅ + ⋅ + ⋅e n b n e[grad( ) ] div( ),1

2

  
T g e e g= ⋅ ⋅ − ⋅ ⋅1

2
[ (grad ) (grad ) ],
 
Ú

M k g k= −
−

− +Eh3

212 1
1

( )
[( ) tr ],

ν
ν ν

 
T g=

−
− +Eh

1
12ν

ν ν[( ) tr ],� �
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ÔÓÏÓ˘Ë (21) ‰‡ÌÌ˚Â „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl ÏÓÊÌÓ
Á‡ÔËÒ‡Ú¸ ˜ÂÂÁ ÙÛÌÍˆË˛ Ì‡ÔflÊÂÌËÈ �. ç‡ Γ2
ÔÓÒÚ‡‚ÎÂÌ˚ ‰ÂÙÓÏ‡ˆËÓÌÌ˚Â [2] Í‡Â‚˚Â ÛÒÎÓ-
‚Ëfl. èË ÓÚÒÛÚÒÚ‚ËË ‡ÒÔÂ‰ÂÎÂÌÌ˚ı ‰ËÒÎÓÍ‡ˆËÈ
Ë ‰ËÒÍÎËÌ‡ˆËÈ ‰ÂÙÓÏ‡ˆËÓÌÌ˚Â ÛÒÎÓ‚Ëfl ˝Í‚Ë‚‡-
ÎÂÌÚÌ˚ ÍËÌÂÏ‡ÚË˜ÂÒÍËÏ ÛÒÎÓ‚ËflÏ, ÍÓ„‰‡ Ì‡ Γ2 Á‡-
‰‡˛ÚÒfl ÁÌ‡˜ÂÌËfl ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ÒÏÂ˘ÂÌËÈ v

Ë Û„ÓÎ ÔÓ‚ÓÓÚ‡ Í‡fl „‰Â ÒËÏ‚ÓÎ ÓÁ-

Ì‡˜‡ÂÚ ÌÓÏ‡Î¸ÌÛ˛ ÔÓËÁ‚Ó‰ÌÛ˛, Ú.Â. ÔÓËÁ‚Ó‰-
ÌÛ˛ ÔÓ Ì‡Ô‡‚ÎÂÌË˛ ÌÓÏ‡ÎË m Í „‡ÌËˆÂ Γ, Ú‡-
ÍÓÈ, ˜ÚÓ m · n = 0. èË Ì‡ÎË˜ËË ‡ÒÔÂ‰ÂÎÂÌÌ˚ı
‰ÂÙÂÍÚÓ‚ ÔÓÎÂ ÒÏÂ˘ÂÌËÈ Ó·ÓÎÓ˜ÍË v ÌÂ ÒÛ˘ÂÒÚ-
‚ÛÂÚ, Ë ÓÎ¸ ÍËÌÂÏ‡ÚË˜ÂÒÍËı Í‡Â‚˚ı ÛÒÎÓ‚ËÈ
ÔÂÂıÓ‰ËÚ Í ‰ÂÙÓÏ‡ˆËÓÌÌ˚Ï ÛÒÎÓ‚ËflÏ. 

ä‡Â‚‡fl Á‡‰‡˜‡ Ó ‡‚ÌÓ‚ÂÒËË Ó·ÓÎÓ˜ÍË Ò ‡Ò-
ÔÂ‰ÂÎÂÌÌ˚ÏË ‰ËÒÎÓÍ‡ˆËflÏË Ë ‰ËÒÍÎËÌ‡ˆËflÏË
ËÏÂÂÚ ‚Ë‰ 

(22)

(23)

(24)

Ì‡ Γ1: 

(25)

Ì‡ Γ2: 

(26)

Ë ÒÓÒÚÓËÚ ËÁ Û‡‚ÌÂÌËÈ ÌÂÒÓ‚ÏÂÒÚÌÓÒÚË (22), ÓÔ-
Â‰ÂÎfl˛˘Ëı ÒÓÓÚÌÓ¯ÂÌËÈ (23), ‚˚‡ÊÂÌËÈ ÚÂÌ-
ÁÓÓ‚ ÛÒËÎËÈ Ë ÏÓÏÂÌÚÓ‚ ˜ÂÂÁ ‚ÂÍÚÓ ÙÛÌÍˆËÈ
Ì‡ÔflÊÂÌËÈ (24), ÒËÎÓ‚˚ı „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ,
Á‡ÔËÒ‡ÌÌ˚ı ˜ÂÂÁ ÙÛÌÍˆËË Ì‡ÔflÊÂÌËÈ (25) Ë
‰ÂÙÓÏ‡ˆËÓÌÌ˚ı „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ (26). óÂÂÁ
s Ó·ÓÁÌ‡˜ÂÌ‡ ÚÂÍÛ˘‡fl ‰ÎËÌ‡ ‰Û„Ë Ì‡ ÍË‚ÓÈ Γ; �0,
ϕ0, q, p – Á‡‰‡ÌÌ˚Â Ì‡ ˝ÚÓÈ ÍË‚ÓÈ ÙÛÌÍˆËË. Ç˚-
‡ÊÂÌËfl (24) ÛÒËÎËÈ Ë ÏÓÏÂÌÚÓ‚ ˜ÂÂÁ ÙÛÌÍˆËË
Ì‡ÔflÊÂÌËÈ ÔÓ ÙÓÏÂ ÓÚÎË˜‡˛ÚÒfl ÓÚ (21), ÌÓ ˝Í-
‚Ë‚‡ÎÂÌÚÌ˚ ËÏ. 

íÂÔÂ¸ ‡ÒÒÏÓÚËÏ ‚ÚÓÛ˛ Á‡‰‡˜Û ÒÚ‡ÚËÍË
Ó·ÓÎÓ˜ÍË, ‚ ÍÓÚÓÓÈ ÓÚÒÛÚÒÚ‚Û˛Ú ‡ÒÔÂ‰ÂÎÂÌ-
Ì˚Â ‰ËÒÎÓÍ‡ˆËË Ë ‰ËÒÍÎËÌ‡ˆËË, ÌÓ ÔËÒÛÚÒÚ‚Û˛Ú

 
m m m H n p⋅ ′⋅ = ⋅ + ′ =� q s

s
smt( ),   ( ) ( )∂

∂
ε

 � �= ⋅ =0 0( ),  ( );s sm ϕ ϕ

 
� � �= ⋅ + ⋅1

2
[(grad ) (grad ) ];Tg g

 M e e n b= ⋅ ⋅ = ⋅ + ⋅π ϕ λ,    grad( ) ,�

 
− ⋅ ⋅ + ⋅ ⋅1

2
e b b e( ) ,� �

 T e e e b e= ⋅ ⋅ + ⋅ ⋅ ⋅ −grad (grad )T� �

 ′ = ′=k T M T Mf f1 2( , ),   ( , );�

 
� = ′ + ⋅ ′− ′⋅ + ⋅ ′ ⊗k b b g n1

2
( ) (div ) ,� � �

 div div( ) ;H n n+ × ⊗ + =� β 0

∂
∂m

∂
∂

w
m

,

‡ÒÔÂ‰ÂÎÂÌÌ˚Â ÔÓ ÔÓ‚ÂıÌÓÒÚË σ ÒËÎÓ‚‡fl f Ë
ÏÓÏÂÌÚÌ‡fl � Ì‡„ÛÁÍË. ÇÚÓ‡fl Í‡Â‚‡fl Á‡‰‡˜‡
ËÏÂÂÚ ‚Ë‰ 

(27)

(28)

(29)

Ì‡ Γ1: 

(30)

Ì‡ Γ2: 

(31)

Ë ÒÓÒÚÓËÚ ËÁ Û‡‚ÌÂÌËÈ ‡‚ÌÓ‚ÂÒËfl (27) ‚ ÛÒËÎË-
flı Ë ÏÓÏÂÌÚ‡ı, ÓÔÂ‰ÂÎfl˛˘Ëı ÒÓÓÚÌÓ¯ÂÌËÈ (28),
‚˚‡ÊÂÌËÈ ÚÂÌÁÓÓ‚ ÏÂÚË˜ÂÒÍËı Ë ËÁ„Ë·Ì˚ı
‰ÂÙÓÏ‡ˆËÈ ˜ÂÂÁ ÔÓÎÂ ÔÂÂÏÂ˘ÂÌËÈ (29), ÍËÌÂ-
Ï‡ÚË˜ÂÒÍËı „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ (30) Ë ÒËÎÓ‚˚ı
„‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ (31) [3]. îÛÌÍˆËË v0(s), θ0(s),
d(s), a(s) Ò˜ËÚ‡˛ÚÒfl Á‡‰‡ÌÌ˚ÏË. 

ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ Û‡‚ÌÂÌËfl Ë „‡ÌË˜Ì˚Â ÛÒ-
ÎÓ‚Ëfl ÔÂ‚ÓÈ Ë ‚ÚÓÓÈ Í‡Â‚˚ı Á‡‰‡˜ ÔË‚Â‰ÂÌ˚
Í ·ÂÁ‡ÁÏÂÌÓÏÛ ‚Ë‰Û, Ú.Â. ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ
ÒÓÓÚÌÓ¯ÂÌËfl ÏÂÊ‰Û ·ÂÁ‡ÁÏÂÌ˚ÏË ‚ÂÎË˜ËÌ‡-
ÏË. ÖÒÎË ÙÛÌÍˆËË f1 Ë f2 ÒÓ‚Ô‡‰‡˛Ú Ò ÙÛÌÍˆËflÏË 

Ë ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÚÓ Ï‡ÚÂË‡Î˚ ‰‚Ûı 
Ó·ÓÎÓ˜ÂÍ Ì‡ÁÓ‚ÂÏ ÒÓÔflÊÂÌÌ˚ÏË. 

àÁ Ò‡‚ÌÂÌËfl Í‡Â‚˚ı Á‡‰‡˜ (22)–(26) Ë
(27)–(31) ‚˚ÚÂÍ‡ÂÚ ÒÎÂ‰Û˛˘ËÈ ÔËÌˆËÔ ‰‚ÓÈÒÚ-
‚ÂÌÌÓÒÚË ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÚÂÓËË Ó·ÓÎÓ˜ÂÍ. 

ä‡Â‚‡fl Á‡‰‡˜‡ Ó ‡‚ÌÓ‚ÂÒËË ÛÔÛ„ÓÈ Ó·ÓÎÓ˜ÍË
Ò Á‡‰‡ÌÌ˚ÏË ÔÎÓÚÌÓÒÚflÏË ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎË-
Ì‡ˆËÈ ÔË ÓÚÒÛÚÒÚ‚ËË ÔÓ‚ÂıÌÓÒÚÌ˚ı Ì‡„ÛÁÓÍ,
Ò „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË ‰Îfl ÙÛÌÍˆËÈ Ì‡ÔflÊÂ-
ÌËÈ Ì‡ ˜‡ÒÚË „‡ÌËˆ˚ Γ1 Ë ‰ÂÙÓÏ‡ˆËÓÌÌ˚ÏË
„‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË Ì‡ ‰Û„ÓÈ ˜‡ÒÚË „‡ÌËˆ˚
Γ2 Ï‡ÚÂÏ‡ÚË˜ÂÒÍË ˝Í‚Ë‚‡ÎÂÌÚÌ‡ Í‡Â‚ÓÈ Á‡‰‡˜Â
Ó ‡‚ÌÓ‚ÂÒËË Ó·ÓÎÓ˜ÍË ËÁ ÒÓÔflÊÂÌÌÓ„Ó Ï‡ÚÂË-
‡Î‡ Ò Á‡‰‡ÌÌ˚ÏË ÔÓ‚ÂıÌÓÒÚÌ˚ÏË Ì‡„ÛÁÍ‡ÏË ÔË
ÓÚÒÛÚÒÚ‚ËË ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎËÌ‡ˆËÈ, Ò ÍËÌÂ-
Ï‡ÚË˜ÂÒÍËÏË „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË Ì‡ Γ1 Ë Ò Á‡-
‰‡ÌÌ˚ÏË ÍÓÌÚÛÌ˚ÏË Ì‡„ÛÁÍ‡ÏË Ì‡ Γ2. 

f2
*f1

*

 
m M m m n a⋅ ⋅ = ⋅ + =d s

s
M smt( ),   ( ) ( )�

∂
∂

 v v m= ⋅ =0 0( ),   ( );s s� �

 
� = ⋅ + ⋅1

2
[(grad ) (grad ) ];Tv g g v

 ′= ⋅ ⋅ = ⋅ + ⋅� � �e e v n b v,   grad( ) ,
 
− ⋅ ⋅ + ⋅ ⋅1

2
e b b e( ) ,� �

′ = ⋅ ⋅ + ⋅ ⋅ ⋅ −k e e e b v egrad (grad )Tθ

 T k M k= ′ ′ = ′ ′f f1 2
* *( , ),   ( , );� �

 
� = + ⋅ − ⋅ + ⋅ ⊗T b M M b g M n1

2
( ) (div ) ,

 div div( ) ;� �+ × ⊗ + =n n f 0

8 ã.å. áìÅéÇ

ÇÖëíçàä  ûÜçéÉé  çÄìóçéÉé  ñÖçíêÄ  êÄç í. 4 ‹ 2 2008



èÎÓÚÌÓÒÚË ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎËÌ‡ˆËÈ, Í‡Í Ë
ÔÎÓÚÌÓÒÚË ‚ÌÂ¯ÌËı Ì‡„ÛÁÓÍ, ÏÓÊÌÓ Ò˜ËÚ‡Ú¸
Ó·Ó·˘ÂÌÌ˚ÏË ÙÛÌÍˆËflÏË. ùÚÓ ÔÓÁ‚ÓÎflÂÚ ‡Ò-
ÒÏ‡ÚË‚‡Ú¸ ÒÎÛ˜‡È ÒÓÒÂ‰ÓÚÓ˜ÂÌÌ˚ı ‰ÂÙÂÍÚÓ‚.
éÚÒ˛‰‡ flÒÌÓ, ˜ÚÓ ‰‚ÓÈÒÚ‚ÂÌÌÓÒÚ¸ Í‡Â‚˚ı Á‡‰‡˜
‡‚ÌÓ‚ÂÒËfl Ó·ÓÎÓ˜ÍË ÒÔ‡‚Â‰ÎË‚‡ Ë ‰Îfl ÒÓÒÂ‰Ó-
ÚÓ˜ÂÌÌ˚ı ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎËÌ‡ˆËÈ. ç‡ÔËÏÂ,
Á‡‰‡˜‡ Ó ÒÓÒÂ‰ÓÚÓ˜ÂÌÌÓÈ ‰ËÒÍÎËÌ‡ˆËË, ‡ÒÔÓ-
ÎÓÊÂÌÌÓÈ ‚ ÌÂÍÓÚÓÓÈ ÚÓ˜ÍÂ Ó·ÓÎÓ˜ÍË Ò „‡ÌË-
ˆÂÈ, Ò‚Ó·Ó‰ÌÓÈ ÓÚ ‚ÌÂ¯ÌËı Ì‡„ÛÁÓÍ, Ï‡ÚÂÏ‡ÚË-
˜ÂÒÍË ÚÓÊ‰ÂÒÚ‚ÂÌÌ‡ Á‡‰‡˜Â Ó ‰ÂÙÓÏ‡ˆËË Ó·Ó-
ÎÓ˜ÍË ËÁ ÒÓÔflÊÂÌÌÓ„Ó Ï‡ÚÂË‡Î‡ Ò Á‡˘ÂÏÎÂÌ-
ÌÓÈ „‡ÌËˆÂÈ ÒÓÒÂ‰ÓÚÓ˜ÂÌÌÓÈ ÒËÎÓÈ, ÔËÎÓ-
ÊÂÌÌÓÈ ‚ ÚÓÈ ÊÂ ÚÓ˜ÍÂ.

ÑÎfl ËÁÓÚÓÔÌÓÈ Ó·ÓÎÓ˜ÍË Ò ÓÔÂ‰ÂÎfl˛˘ËÏË
ÒÓÓÚÌÓ¯ÂÌËflÏË (20) ÏÓÊÌÓ ÔÓ‚ÂËÚ¸, ˜ÚÓ ÔÂÂ-
ıÓ‰ Í ÒÓÔflÊÂÌÌÓÏÛ Ï‡ÚÂË‡ÎÛ ÒÓÒÚÓËÚ ‚ Á‡ÏÂÌÂ
ν Ì‡ –ν.

ÖÒÎË ÔÓ‚ÂıÌÓÒÚ¸ Ó·ÓÎÓ˜ÍË σ Á‡ÏÍÌÛÚ‡, Ú.Â.
ÌÂ ËÏÂÂÚ „‡ÌËˆ˚, ÚÓ ÌÂÓ·ıÓ‰ËÏÓÂ ÛÒÎÓ‚ËÂ ‡Á-
Â¯ËÏÓÒÚË ‚ÚÓÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë ÒÓÒÚÓËÚ ‚ ‡-
‚ÂÌÒÚ‚Â ÌÛÎ˛ „Î‡‚ÌÓ„Ó ‚ÂÍÚÓ‡ Ë „Î‡‚ÌÓ„Ó ÏÓ-
ÏÂÌÚ‡ ÔÓ‚ÂıÌÓÒÚÌ˚ı Ì‡„ÛÁÓÍ

(32)

àÒıÓ‰fl ËÁ ÔËÌˆËÔ‡ ‰‚ÓÈÒÚ‚ÂÌÌÓÒÚË, ÏÓÊÌÓ 
Á‡ÍÎ˛˜ËÚ¸, ˜ÚÓ ÌÂÓ·ıÓ‰ËÏÓÂ ÛÒÎÓ‚ËÂ ‡ÁÂ¯Ë-
ÏÓÒÚË ÔÂ‚ÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl Á‡ÏÍÌÛÚÓÈ Ó·Ó-
ÎÓ˜ÍË ÒÓÒÚÓËÚ ‚ ÒÎÂ‰Û˛˘Ëı Ó„‡ÌË˜ÂÌËflı Ì‡
ÔÎÓÚÌÓÒÚË ‰ËÒÎÓÍ‡ˆËÈ Ë ‰ËÒÍÎËÌ‡ˆËÈ:

(33)

4. åÌÓ„ÓÒ‚flÁÌ‡fl Ó·ÓÎÓ˜Í‡ Ò ‰ËÒÎÓÍ‡ˆËflÏË
ÇÓÎ¸ÚÂ‡. Ç ˝ÚÓÏ ‡Á‰ÂÎÂ ‡ÒÒÏÓÚËÏ ‡‚ÌÓ‚Â-
ÒËÂ ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·ÓÎÓ˜ÍË Ò ‰ËÒÎÓÍ‡ˆËflÏË
ÇÓÎ¸ÚÂ‡, Ú.Â. ËÁÓÎËÓ‚‡ÌÌ˚ÏË ‰ÂÙÂÍÚ‡ÏË.
ê‡ÒÒÏ‡ÚË‚‡fl Á‡‰‡˜Û Ó· ÓÔÂ‰ÂÎÂÌËË ÔÓÎfl ÔÂÂ-
ÏÂ˘ÂÌËÈ v Ë ÔÓÎfl ÔÓ‚ÓÓÚÓ‚ � ÔÓ Á‡‰‡ÌÌ˚Ï ‚
ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·Î‡ÒÚË Ó‰ÌÓÁÌ‡˜Ì˚Ï ÔÓÎflÏ ÏÂÚ-
Ë˜ÂÒÍËı Ë ËÁ„Ë·Ì˚ı ‰ÂÙÓÏ‡ˆËÈ � Ë k, ÔÓÎÛ-
˜ËÏ, ˜ÚÓ ÔÂÂÏÂ˘ÂÌËfl Ë ÔÓ‚ÓÓÚ˚ ÔË ÔÂÂÒÂ˜Â-
ÌËË ÔÂÂ„ÓÓ‰ÓÍ, ÔÂ‚‡˘‡˛˘Ëı Ó·Î‡ÒÚ¸ ‚ Ó‰-
ÌÓÒ‚flÁÌÛ˛, ‚ÓÓ·˘Â „Ó‚Ófl, ËÒÔ˚Ú˚‚‡˛Ú ÒÍ‡˜oÍ
‚Ë‰‡ 

. (34)

á‰ÂÒ¸ Bk Ë Qk – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ‚ÂÍÚÓ Å˛„ÂÒ‡
Ë ‚ÂÍÚÓ î‡ÌÍ‡ ËÁÓÎËÓ‚‡ÌÌÓ„Ó ‰ÂÙÂÍÚ‡, ÓÚ‚Â-
˜‡˛˘Â„Ó k-ÏÛ ÓÚ‚ÂÒÚË˛. ùÚË ı‡‡ÍÚÂËÒÚËÍË
‰ËÒÎÓÍ‡ˆËË ÇÓÎ¸ÚÂ‡ ‚˚‡Ê‡˛ÚÒfl ˜ÂÂÁ ÚÂÌ-
ÁÓÌ˚Â ÔÓÎfl � Ë k ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

(35)
 

Q r L B r L rk kd d
k k

= ⋅ = ⋅ − ×∫ ∫,   ( ),
γ γ

�

 v v B Q r Q+ − + −− = + × − =k k k,   � �

 

 � 
dσ σ

σ σ
= + × =∫∫ ∫∫0 0,     ( ) .r d

 
f r f ddσ σ

σ σ
= + × =∫∫ ∫∫0 0,     ( ) .�

ÖÒÎË Í‡fl ÓÚ‚ÂÒÚËÈ Ò‚Ó·Ó‰Ì˚ ÓÚ Ì‡„ÛÁÓÍ, ÚÓ
ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÂÍÚÓ ÙÛÌÍˆËÈ Ì‡ÔflÊÂ-
ÌËÈ ·Û‰ÂÚ Ó‰ÌÓÁÌ‡˜Ì˚Ï ‚ ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·Î‡ÒÚË
Ë Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ì‡ ÍÓÌÚÛÂ k-„Ó ÓÚ‚ÂÒÚËfl ÛÒÎÓ-
‚ËflÏ 

� = Ak × r + Dk,   � = Ak · e, (36)

„‰Â Ak Ë Dk – ‚ÂÍÚÓÌ˚Â ÔÓÒÚÓflÌÌ˚Â, ÍÓÚÓ˚Â
ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ ËÌÚÂ„‡Î¸Ì˚ı ÒÓÓÚÌÓ¯ÂÌËÈ
(35). 

èË Â¯ÂÌËË Á‡‰‡˜Ë ‡‚ÌÓ‚ÂÒËfl Ó·ÓÎÓ˜ÍË Ò
ËÁÓÎËÓ‚‡ÌÌ˚ÏË ‰ÂÙÂÍÚ‡ÏË Í ÒÓÓÚÌÓ¯ÂÌËflÏ
(35), (36) ÌÂÓ·ıÓ‰ËÏÓ ÔËÒÓÂ‰ËÌËÚ¸ Û‡‚ÌÂÌËÂ
ÒÓ‚ÏÂÒÚÌÓÒÚË ‰ÂÙÓÏ‡ˆËÈ div H = 0, Á‡ÔËÒ‡ÌÌÓÂ
˜ÂÂÁ ÙÛÌÍˆËË Ì‡ÔflÊÂÌËÈ Ë Í‡Â‚˚Â ÛÒÎÓ‚Ëfl
Ì‡ ‚ÌÂ¯ÌÂÏ ÍÓÌÚÛÂ ÏÌÓ„ÓÒ‚flÁÌÓÈ Ó·ÓÎÓ˜ÍË Γ.
ä‡Â‚˚Â ÛÒÎÓ‚Ëfl Ì‡ ÍÓÌÚÛ‡ı ÓÚ‚ÂÒÚËÈ ËÏÂ˛Ú
‚Ë‰ (36). 

5. ê‡ÒÔÂ‰ÂÎÂÌÌ˚Â ‰ÂÙÂÍÚ˚ ‚ Á‡ÏÍÌÛÚÓÈ ÒÙÂ-
Ë˜ÂÒÍÓÈ Ó·ÓÎÓ˜ÍÂ. ê‡ÒÒÏÓÚËÏ ÌÂÍÓÚÓ˚Â ÔÓ-
ÒÚ˚Â Á‡‰‡˜Ë Ó ‡‚ÌÓ‚ÂÒËË ÛÔÛ„Ëı Ó·ÓÎÓ˜ÂÍ Ò ÌÂ-
ÔÂ˚‚ÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË ‰ÂÙÂÍÚ‡ÏË. èÛÒÚ¸ ‚
Á‡ÏÍÌÛÚÓÈ ÒÙÂË˜ÂÒÍÓÈ Ó·ÓÎÓ˜ÍÂ ‡‰ËÛÒ‡ r0 ‰ËÒ-
ÎÓÍ‡ˆËË ÓÚÒÛÚÒÚ‚Û˛Ú (α = 0), ‡ ‚ÂÍÚÓ ÔÎÓÚÌÓÒÚË
‰ËÒÍÎËÌ‡ˆËÈ ‡‚ÂÌ β0 n (β0 = const), ˜ÚÓ ÒÓÓÚ‚ÂÚ-
ÒÚ‚ÛÂÚ ‡‚ÌÓÏÂÌÓÏÛ ‡ÒÔÂ‰ÂÎÂÌË˛ ÍÎËÌÓ‚˚ı
‰ËÒÍÎËÌ‡ˆËÈ. ÇÌÂ¯ÌËÂ Ì‡„ÛÁÍË ÓÚÒÛÚÒÚ‚Û˛Ú.
ãÂ„ÍÓ ÔÓ‚ÂËÚ¸, ˜ÚÓ ÒËÒÚÂÏ‡ Û‡‚ÌÂÌËÈ (6),
(19), (20), ÓÔËÒ˚‚‡˛˘‡fl ‡‚ÌÓ‚ÂÒËÂ Ó·ÓÎÓ˜ÍË,
ËÏÂÂÚ Â¯ÂÌËÂ 

(37)

èÂ‰ÔÓÎÓÊËÏ ÚÂÔÂ¸, ˜ÚÓ ÚÓÎ˘ËÌ‡ Ó·ÓÎÓ˜ÍË
‚ÂÒ¸Ï‡ Ï‡Î‡, ‚ÒÎÂ‰ÒÚ‚ËÂ ˜Â„Ó ÓÌ‡ ÌÂ ÒÓÔÓÚË‚Îfl-
ÂÚÒfl ËÁ„Ë·Û, Ú.Â. M ≡≡ 0. ÅÛ‰ÂÏ ‡Á˚ÒÍË‚‡Ú¸ ËÁÓ-
ÏÂÚË˜ÂÒÍËÂ ‰ÂÙÓÏ‡ˆËË Ó·ÓÎÓ˜ÍË, ÍÓ„‰‡ � ≡≡ 0.
Ç ˝ÚÓÏ ÒÎÛ˜‡Â ‚ ÒËÎÛ (20) ËÏÂÂÏ T ≡≡ 0 Ë Û‡‚ÌÂ-
ÌËfl ‡‚ÌÓ‚ÂÒËfl (6) ÔË ÓÚÒÛÚÒÚ‚ËË ‚ÌÂ¯ÌËı Ì‡-
„ÛÁÓÍ ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ Û‰Ó‚ÎÂÚ‚Ófl˛ÚÒfl. ÇÓÁÌË-
Í‡ÂÚ ˜ËÒÚÓ „ÂÓÏÂÚË˜ÂÒÍ‡fl Á‡‰‡˜‡ Ó· ËÁ„Ë·‡ÌËflı
ÔÓ‚ÂıÌÓÒÚË, ÍÓÚÓ‡fl Ò‚Ó‰ËÚÒfl Í Â¯ÂÌË˛ Û‡‚-
ÌÂÌËfl (19). Ç ÒÎÛ˜‡Â � = 0, 
 = 0 ˝ÚÓ ÍÎ‡ÒÒË˜ÂÒÍ‡fl
Ë ıÓÓ¯Ó ËÒÒÎÂ‰Ó‚‡ÌÌ‡fl ÔÓ·ÎÂÏ‡ ·ÂÒÍÓÌÂ˜ÌÓ
Ï‡Î˚ı ËÁ„Ë·‡ÌËÈ ÔÓ‚ÂıÌÓÒÚË (ÒÏ., Ì‡ÔËÏÂ,
[7]). ä‡Í ËÁ‚ÂÒÚÌÓ, Á‡ÏÍÌÛÚ‡fl ÒÙÂ‡ – ˝ÚÓ ÊÂÒÚ-
Í‡fl ÔÓ‚ÂıÌÓÒÚ¸, Ú.Â. ÓÌ‡ ÌÂ ‰ÓÔÛÒÍ‡ÂÚ „Î‡‰ÍËı
ËÁ„Ë·‡ÌËÈ. é‰Ì‡ÍÓ ÔË Ì‡ÎË˜ËË ‡ÒÔÂ‰ÂÎÂÌÌ˚ı
‰ËÒÎÓÍ‡ˆËÈ, Í‡Í ÔÓÍ‡Á‡ÌÓ ÌËÊÂ, ÒÙÂ‡ ÏÓÊÂÚ
ÒÚ‡Ú¸ ËÁ„Ë·‡ÂÏÓÈ. 
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Ç‚Â‰ÂÏ Ì‡ ÒÙÂÂ „ÂÓ„‡ÙË˜ÂÒÍËÂ ÍÓÓ‰ËÌ‡Ú˚ 

(¯ËÓÚ‡) Ë 0 ≤ ϕ ≤ 2π (‰ÓÎ„ÓÚ‡) Ë ‰Ó-

ÔÛÒÚËÏ, ˜ÚÓ ÔÎÓÚÌÓÒÚ¸ ‰ËÒÍÎËÌ‡ˆËÈ ‡‚Ì‡ ÌÛÎ˛, 
‡ ‚ÂÍÚÓ ÔÎÓÚÌÓÒÚË ‰ËÒÎÓÍ‡ˆËÈ Á‡‰‡Ì ‚ ‚Ë‰Â
� = α0sin θeθ, „‰Â α0 = const, ‡ eθ – Â‰ËÌË˜Ì˚È ‚Â-
ÍÚÓ, Í‡Ò‡ÚÂÎ¸Ì˚È Í ÏÂË‰Ë‡ÌÛ. êÂ¯‡fl Û‡‚ÌÂ-
ÌËÂ (19) ÔË � = 0, 
 = 0, Ì‡È‰ÂÏ 

(38)

„‰Â eϕ – Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ, Í‡Ò‡ÚÂÎ¸Ì˚È Í Ô‡‡Î-
ÎÂÎË. 

èË ËÁ„Ë·‡ÌËflı ÔÓ‚ÂıÌÓÒÚË, Í‡Í ËÁ‚ÂÒÚÌÓ
[7], Í‡Ê‰‡fl ˝ÎÂÏÂÌÚ‡Ì‡fl ÔÎÓ˘‡‰Í‡ ÔÂÂÏÂ˘‡-
ÂÚÒfl Í‡Í ‡·ÒÓÎ˛ÚÌÓ Ú‚Â‰ÓÂ ÚÂÎÓ. èÓÎÂ ÔÓ‚ÓÓ-
ÚÓ‚ ˝ÎÂÏÂÌÚ‡Ì˚ı ÔÎÓ˘‡‰ÓÍ � ÏÓÊÌÓ Ì‡ÈÚË ËÁ
Û‡‚ÌÂÌËfl (15). Ç ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏ ÔËÏÂÂ ÔË
ÔÓÏÓ˘Ë (38) ÔÓÎÛ˜‡ÂÏ 

(39)

á‰ÂÒ¸ �0 – ÔÓËÁ‚ÓÎ¸Ì˚È ÔÓÒÚÓflÌÌ˚È ‚ÂÍÚÓ,
ez – Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ, Ì‡Ô‡‚ÎÂÌÌ˚È ÔÓ ÓÒË, ÒÓ-
Â‰ËÌfl˛˘ÂÈ ÔÓÎ˛Ò˚ ÒÙÂ˚. 

e n eρ θθ θ= −cos sin .
 
ω α θ θ θρ= + − +0 0 2

06
2 2 4r [ cos (sin ) ] ,e ez Ω

′ = ⊗ + ⊗k e e e e1
3 0α θ ϕ θ θ ϕcos ( ),

− ≤ ≤π θ π
2 2

í‡ÍËÏ Ó·‡ÁÓÏ, ‰Îfl Á‡ÏÍÌÛÚÓÈ ÒÙÂ˚ Ò ‡Ò-
ÔÂ‰ÂÎÂÌÌ˚ÏË ‰ËÒÎÓÍ‡ˆËflÏË ‚ ÛÒÎÓ‚Ëflı ËÁÓÏÂÚ-
Ë˜ÌÓÒÚË ÒÛ˘ÂÒÚ‚ÛÂÚ ÌÂÚË‚Ë‡Î¸ÌÓÂ „Î‡‰ÍÓÂ ÔÓ-
ÎÂ ÔÓ‚ÓÓÚÓ‚ ˝ÎÂÏÂÌÚ‡Ì˚ı ÔÎÓ˘‡‰ÓÍ. 

ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÔÓ‰‰ÂÊÍÂ êîîà
(„‡ÌÚ ‹ 08-01-00380).
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DISLOCATIONS  AND  DISCLINATIONS

IN  CLASSICAL  THEORY  OF  SHELLS 

L.M. Zubov

The problem of thin elastic shell state of stresses with dislocations and disclinations is considered in with-
in framework of Kirchhoff-Love classical theory. The problem production about multiconnected shell with
Volterra dislocations and disclinations under defined characteristics is given. By means of limiting transi-
tion from discrete isolated defects set to unremitting set the linear shells theory with dislocations and discli-
nations is constructed. The principle of theory of shells bifurcation is investigated. It consists of mathemat-
ical equivalent of boundary shell stress problem under continuously distributed dislocations and disclina-
tions to the boundary equilibrium problem of shell under defined distributed loads. The problem of infini-
tesimal surface bending with distributed dislocations is formulated. The problem of reserved sphere bend-
ing with continuously distributed dislocations is solved. Nontrivial smooth rotation field of elementary
sphere grounds with dislocations under isometric deformation is found.

Key words: multi-connected shell, infinitesimal bendings, continuously distributed defects.
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