
ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ‰ËÌ‡ÏË˜ÂÒÍ‡fl ÔÓÒÚ‡ÌÒÚ-
‚ÂÌÌ‡fl Á‡‰‡˜‡ Ó „‡ÏÓÌË˜ÂÒÍËı ÍÓÎÂ·‡ÌËflı 
ÏÌÓ„ÓÒÎÓÈÌÓÈ ÛÔÛ„ÓÈ ÒÂ‰˚, ‚˚Á‚‡ÌÌ˚ı ÔÓ-
‚ÂıÌÓÒÚÌ˚Ï ÒËÎÓ‚˚Ï ‚ÓÁ‰ÂÈÒÚ‚ËÂÏ. ëÂ‰‡
ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ Ô‡ÍÂÚ ËÁ N ÒÎÓÂ‚ ÚÓÎ˘ËÌ˚ 

ÊÂÒÚÍÓ ÒÓÂ‰ËÌÂÌÌ˚ı ÏÂÊ‰Û ÒÓ·ÓÈ, Ë

Á‡ÌËÏ‡ÂÚ Ó·Î‡ÒÚ¸ –H £ z £ 0, –• £ x, y £ +•. ÇÂı-
Ìflfl „‡Ì¸ Ô‡ÍÂÚ‡ ÔÓ‰‚ÂÊÂÌ‡ ‚ÌÂ¯ÌÂÏÛ ‚ÓÁ‰ÂÈ-
ÒÚ‚Ë˛, ı‡‡ÍÚÂËÁÛÂÏÓÏÛ ÚÂıÏÂÌ˚Ï ‚ÂÍÚÓÓÏ
Ì‡ÔflÊÂÌËÈ t0(x, y), ÌËÊÌflfl „‡Ì¸ ÊÂÒÚÍÓ ÒˆÂÔ-
ÎÂÌ‡ Ò ÌÂ‰ÂÙÓÏËÛÂÏ˚Ï ÓÒÌÓ‚‡ÌËÂÏ.

ëÚÓËÚÒfl Â¯ÂÌËÂ Í‡Â‚ÓÈ Á‡‰‡˜Ë [1]
Lw = 0,

(1)

w(x, y, –H) = 0 (2)

Ò ÌÂÔÂ˚‚Ì˚ÏË ÛÒÎÓ‚ËflÏË ‰Îfl ‚ÂÍÚÓÓ‚ Ì‡Ôfl-
ÊÂÌËÈ Ë ÔÂÂÏÂ˘ÂÌËÈ Ì‡ „‡ÌËˆ‡ı ‡Á‰ÂÎ‡ ÒÎÓÂ‚

(3)

á‰ÂÒ¸ L Ë D0 – ‰ËÙÙÂÂÌˆË‡Î¸Ì˚Â Ï‡ÚË˜Ì˚Â
ÓÔÂ‡ÚÓ˚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ã‡ÏÂ Ë „‡ÌË˜Ì˚ı
ÛÒÎÓ‚ËÈ [1, 2].

Ç‚Â‰ÂÏ ÎÓÍ‡Î¸Ì˚Â ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú
xk = x,    yk = y,

óÚÓ·˚ ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ÒÔÂˆË‡Î¸Ì˚Ï Â¯Â-
ÌËÂÏ, ÔÓÎÛ˜ÂÌÌ˚Ï ‚ ‡·ÓÚÂ [1] ‰Îfl Ó‰ÌÓ„Ó ÒÎÓfl,
ÔËÏÂÌËÏ Í „‡ÌË˜Ì˚Ï ÛÒÎÓ‚ËflÏ (1)–(3) ÔÂÓ·-

 
z zk i k

i

k

h h k N= + + =
=

-
Â2 1 2

1

1
, , , ..., .

 
k N hk n

n

k

= - = -
=

Â1 2 1 2
1

, , ..., , .H

 
w w w( , , ) ( , , ) ( , ),x y x y x y

H H kk k
z z

z z= + = -= =
0 0

 
t t t( , , ) ( , , ) ( , ),x y x y x y

k k kz z
z H z H= + = -= =

0 0

D w t0 0
0

d

dx

d

dy

d

d
x y x y, , ( , , ) ( , ),

z
z

z

Ê
ËÁ

ˆ
¯̃

=
=

H hi
i

N

=
=

Â2
1

,

‡ÁÓ‚‡ÌËÂ îÛ¸Â ÔÓ ÔÂÂÏÂÌÌ˚Ï x, y Ë ÔÓËÁ‚Â-
‰ÂÏ ÙÓÏ‡Î¸ÌÓÂ ‡Á‰ÂÎÂÌËÂ ÒÎÓÂ‚. íÓ„‰‡ Ú‡ÌÒ-
ÙÓÏ‡ÌÚ‡ îÛ¸Â Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl 
k-„Ó ÒÎÓfl ·Û‰ÂÚ ÓÔÂ‰ÂÎflÚ¸Òfl ‚˚‡ÊÂÌËÂÏ

Wk(zk) = B+(zk)Tk–1 + B–(zk)Tk , (4)

Ç ‚˚‡ÊÂÌËË (4) Tk – ‚ÂÍÚÓ˚, ı‡‡ÍÚÂËÁÛ˛-
˘ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ÏÂÊ‰Û ÒÎÓflÏË, T0 – ‚ÂÍÚÓ,
Á‡‰‡ÌÌ˚È Ì‡ ÔÓ‚ÂıÌÓÒÚË ÒÂ‰˚, Wk(zk) – ‚ÂÍÚÓ
ÔÂÂÏÂ˘ÂÌËÈ ÚÓ˜ÂÍ k-„Ó ÒÎÓfl Ò ÚÂÍÛ˘ÂÈ ÎÓÍ‡Î¸-
ÌÓÈ ÍÓÓ‰ËÌ‡ÚÓÈ, ËÁÏÂÌfl˛˘ÂÈÒfl ‚ Ó„‡ÌË˜ÂÌ-
Ì˚ı ÔÂ‰ÂÎ‡ı | zk | £ hk .

å‡ÚËˆ˚ B±(zk) ‰Îfl ‡ÁÎË˜Ì˚ı ÚËÔÓ‚ ÒÂ‰
ËÏÂ˛Ú ÒÚÛÍÚÛÛ, ÔË‚Â‰ÂÌÌÛ˛ ‚ [1]. éÚÏÂÚËÏ,
˜ÚÓ ÔË ‚˚˜ËÒÎÂÌËË ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ B±(zk) 
‚ (4) ÒÎÂ‰ÛÂÚ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÏÂı‡ÌË˜ÂÒÍËÂ Ë „ÂÓ-
ÏÂÚË˜ÂÒÍËÂ Ô‡‡ÏÂÚ˚ k-„Ó ÒÎÓfl.

èÓÒÍÓÎ¸ÍÛ Ì‡ ÎËÌËflı ‡Á‰ÂÎ‡ ÒÎÓÂ‚ ËÏÂ˛Ú 
ÏÂÒÚÓ ÌÂÔÂ˚‚Ì˚Â „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl ‰Îfl ÔÂ-
ÂÏÂ˘ÂÌËÈ, ÚÓ ÛÒÎÓ‚Ëfl ÒÚ˚ÍÓ‚ÍË ÒÎÓÂ‚ ËÏÂ˛Ú
‚Ë‰

(5)

ÛÒÎÓ‚ËÂ Ì‡ ÌËÊÌÂÈ „‡ÌË Ô‡ÍÂÚ‡ ÒÎÓÂ‚

WN (–hN) = 0. (6)

á‡ÏÂÚËÏ, ˜ÚÓ ÛÒÎÓ‚Ëfl ÌÂÔÂ˚‚ÌÓÒÚË Ì‡ÔflÊÂ-
ÌËÈ Ì‡ ÒÚ˚Í‡ı ÒÎÓÂ‚, ÒÓ„Î‡ÒÌÓ ÔÂ‰ÒÚ‡‚ÎÂÌË˛ (4),
‚˚ÔÓÎÌfl˛ÚÒfl ‡‚ÚÓÏ‡ÚË˜ÂÒÍË.

àÁ (5) ËÏÂÂÏ ÂÍÛÂÌÚÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ, ÔÓÁ-
‚ÓÎfl˛˘ÂÂ ÓÔÂ‰ÂÎËÚ¸ ‚ÂÍÚÓ˚ Tk ˜ÂÂÁ Á‡‰‡Ì-
Ì˚È ‚ÂÍÚÓ T0

(7)

Ç‚Â‰ÂÏ ‚ ‡ÒÒÏÓÚÂÌËÂ Ï‡ÚËˆ˚
F1(hN) =B–(–hN),

F Bk N k N k N N kh h h h+ - - + - -= - -1 1( , , ..., ) ( )

= - + +B T( ) .hk k1 1

B T B B ]T+ - - + +- + - - =( ) [ ( ) ( )h h hk k k k k1 1

W Wk k k kh h k N( ) ( ), , , ..., ,- = = -+ +1 1 1 2 1

 - £ £ =h h k Nk k kz , , , ..., .1 2
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(8)

(9)

çËÊÌËÈ ËÌ‰ÂÍÒ Û Ï‡ÚËˆ ÛÍ‡Á˚‚‡ÂÚ Ì‡ ÍÓÎË˜ÂÒÚ-
‚Ó, ‡ ÌËÊÌËÈ ËÌ‰ÂÍÒ Û ‡„ÛÏÂÌÚÓ‚ – Ì‡ ÌÓÏÂ‡
ÒÎÓÂ‚, ÓÚ Ô‡‡ÏÂÚÓ‚ ÍÓÚÓ˚ı Á‡‚ËÒflÚ ˝ÎÂÏÂÌÚ˚
Ï‡ÚËˆ. ü‚ÌÓ ÛÍ‡Á‡ÌÌ˚È ÔÂ‚˚È ‡„ÛÏÂÌÚ Ó‰ÌÓ-
ÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎflÂÚ ˝ÚÛ Á‡‚ËÒËÏÓÒÚ¸, ÔÓ˝ÚÓÏÛ ‰‡-
ÎÂÂ ‚ ‡„ÛÏÂÌÚ‡ı Ï‡ÚËˆ ·Û‰ÂÏ ÔË‚Ó‰ËÚ¸ ÚÓÎ¸-
ÍÓ ÔÂ‚˚È, Ì‡ÔËÏÂ F3(h2) ∫ F3(h2, h3, h4).

ä‡Í ÒÎÂ‰ÒÚ‚ËÂ ËÁ (8), (9) ‰Îfl Fk+1 Ë Km ÔÓÎÛ˜‡-
˛ÚÒfl ÒÓÓÚÌÓ¯ÂÌËfl

F1(hN) =B–(–hN),

(10)

(11)

èÓÎ‡„‡fl ‚ (4) k = N Ë zk = –hN Ò Û˜ÂÚÓÏ (6), Ì‡-
ıÓ‰ËÏ

(12)

àÒÔÓÎ¸ÁÛfl (7), (12), ‚˚‡ÁËÏ Ì‡ÔflÊÂÌËfl Tk Ì‡
„‡ÌËˆ‡ı ÒÎÓÂ‚ ˜ÂÂÁ Á‡‰‡ÌÌ˚È ‚ÂÍÚÓ T0:

(13)

é·ÓÁÌ‡˜ËÏ

(14)

„‰Â I – Â‰ËÌË˜Ì‡fl Ï‡ÚËˆ‡. íÓ„‰‡ (13) Á‡ÔË¯ÂÚÒfl

Tk = Rk0T0,    (15)

èÂÂÏÂ˘ÂÌËfl ÚÓ˜ÂÍ k-„Ó ÒÎÓfl ÓÔÂ‰ÂÎËÏ, ÔÓ‰-
ÒÚ‡‚Ë‚ (15) ‚ (4):
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1 (16)

èÓÎ‡„‡fl ‚ (16) ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ zk = hk, 
‚˚‡ÁËÏ ‚ÂÍÚÓ˚ ÔÂÂÏÂ˘ÂÌËÈ 

ÚÓ˜ÂÍ, ÔËÌ‡‰ÎÂÊ‡˘Ëı „‡ÌËˆ‡Ï ‡Á‰ÂÎ‡ ÒÎÓÂ‚,
˜ÂÂÁ ‚ÂÍÚÓ Á‡‰‡ÌÌ˚ı ÔÓ‚ÂıÌÓÒÚÌ˚ı ÛÒËÎËÈ:

(17)

ëÓÓÚÌÓ¯ÂÌËfl (15), (17) ÓÔÂ‰ÂÎfl˛Ú Ì‡ÔflÊÂ-
ÌËfl Ë ÔÂÂÏÂ˘ÂÌËfl ‚ ÔÎÓÒÍÓÒÚflı ‡Á‰ÂÎ‡ ÒÎÓÂ‚,
‚˚Á‚‡ÌÌ˚Â Á‡‰‡ÌÌÓÈ ÔÓ‚ÂıÌÓÒÚÌÓÈ Ì‡„ÛÁÍÓÈ.
éÒÓ·˚È ËÌÚÂÂÒ ÔÂ‰ÒÚ‡‚ÎflÂÚ Ï‡ÚË˜ÌÓÂ ‚˚‡-
ÊÂÌËÂ, ÓÔÂ‰ÂÎfl˛˘ÂÂ Ò‚flÁ¸ ÏÂÊ‰Û Ì‡ÔflÊÂÌËfl-
ÏË Ë ÔÂÂÏÂ˘ÂÌËflÏË Ì‡ ÔÓ‚ÂıÌÓÒÚË ÏÌÓ„ÓÒÎÓÈ-
ÌÓÈ ÒÂ‰˚:

W1(h1) = KN(h1)T0. (18)

Ç˚ÔÓÎÌÂÌËÂ ‚ (18) Ó·‡˘ÂÌËfl ÔÂÓ·‡ÁÓ‚‡ÌËfl
îÛ¸Â ÔË‚Ó‰ËÚ Í ÒËÒÚÂÏÂ ËÌÚÂ„‡Î¸Ì˚ı Û‡‚ÌÂ-
ÌËÈ (ëàì) ‰ËÌ‡ÏË˜ÂÒÍÓÈ Á‡‰‡˜Ë ‰Îfl ÏÌÓ„ÓÒÎÓÈ-
ÌÓ„Ó ÓÒÌÓ‚‡ÌËfl Ò Ï‡ÚËˆÂÈ-ÒËÏ‚ÓÎÓÏ fl‰‡

èË‚Â‰ÂÏ ÔËÏÂ˚ Á‡ÔËÒË ÙÛÌÍˆËÓÌ‡Î¸ÌÓ-
Ï‡ÚË˜Ì˚ı ÒÓÓÚÌÓ¯ÂÌËÈ (15), (17) ‰Îfl ÌÂÍÓÚÓ-
˚ı ˜‡ÒÚÌ˚ı ÒÎÛ˜‡Â‚.

èËÏÂ 1. èÛÒÚ¸ N = 1, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Ó‰-
ÌÓÓ‰ÌÓÏÛ ÒÎÓ˛ ÚÓÎ˘ËÌ˚ 2h1 Ò ÊÂÒÚÍÓ Á‡˘ÂÏ-
ÎÂÌÌÓÈ ÌËÊÌÂÈ „‡Ì¸˛. Ç ˝ÚÓÏ ÒÎÛ˜‡Â

T1 = R10T0 ,

W1(h1) = K1(h1)R00T0 ∫ K1(h1)T0 ,
„‰Â

F1(h1) = B–(–h1).

èËÏÂ 2. èË N = 2

T1 = R10T0,    T2 = R20T0;

W1(h1) = K2(h1, h2)T0,    W2(h2) = K1(h2)R10T0. 

á‰ÂÒ¸

F2(h1, h2) = B–(–h1) – K1(h2),
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èËÏÂ 3. ÑÎfl ÚÂıÒÎÓÈÌÓ„Ó Ô‡ÍÂÚ‡ (N = 3)
ËÏÂÂÏ

T1 = R10T0,    T2 = R20T0,    T3 = R30T0;
W1(h1) = K3(h1, h2, h3)T0,
W2(h2) = K2(h2, h3)R10T0,

W3(h3) = K1(h3)R20T0,
„‰Â

á‡ÏÂÚËÏ, ˜ÚÓ ‚ÒÂ ÒÓÓÚÌÓ¯ÂÌËfl Á‡ÔËÒ‡Ì˚ ‚ ÎÓ-
Í‡Î¸Ì˚ı ÒËÒÚÂÏ‡ı ÍÓÓ‰ËÌ‡Ú; TN – Ì‡ÔflÊÂÌËfl,
‚ÓÁÌËÍ‡˛˘ËÂ ‚ Ó·Î‡ÒÚË ÊÂÒÚÍÓÈ Á‡‰ÂÎÍË Ô‡ÍÂÚ‡,
W1(h1) – ÔÂÂÏÂ˘ÂÌËfl ÚÓ˜ÂÍ Â„Ó ÔÓ‚ÂıÌÓÒÚË. 

éÔËÒ‡ÌÌ‡fl ÂÍÛÂÌÚÌ‡fl ÔÓˆÂ‰Û‡ Ï‡ÚË˜Ì˚ı
‚˚˜ËÒÎÂÌËÈ ÒËÏ‚ÓÎ‡ fl‰‡ ëàì ÓÚÎË˜‡ÂÚÒfl ÓÚ
ÔÂ‰ÎÓÊÂÌÌÓÈ ‚ [1] ÔÂ‰ÒÚ‡‚ÎÂÌËÂÏ ‚ÒÔÓÏÓ„‡-
ÚÂÎ¸Ì˚ı Ï‡ÚËˆ Fk+1 ‚ ÙÓÏÂ (10) ˜ÂÂÁ Ï‡ÚËˆ˚-
ÒËÏ‚ÓÎ˚ ÉËÌ‡ Kk, ÔÓÒÚÓÂÌÌ˚Â Ì‡ ÔÂ‰˚‰Û˘ÂÏ
k-Ï ¯‡„Â. ìÍ‡Á‡ÌÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ÔÓÁ‚ÓÎËÎÓ ÔÓ-
ÎÛ˜ËÚ¸ ÂÍÛÂÌÚÌ˚Â Ï‡ÚË˜Ì˚Â ÙÓÏÛÎ˚ (11), ‡
Ú‡ÍÊÂ ÂÍÛÂÌÚÌ˚Â ÙÛÌÍˆËÓÌ‡Î¸Ì˚Â ÒÓÓÚÌÓ¯Â-
ÌËfl ‰Îfl ‚˚˜ËÒÎÂÌËfl ˝ÎÂÏÂÌÚÓ‚ Ë ÓÔÂ‰ÂÎËÚÂÎÂÈ
Ï‡ÚËˆ-ÒËÏ‚ÓÎÓ‚ ëàì ÏÌÓ„ÓÒÎÓÈÌ˚ı ÒÂ‰. 
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ÁÓ‚‡ÌËfl îÛ¸Â a, b (l2 = a2 + b2), ˜‡ÒÚÓÚ˚ „‡ÏÓ-
ÌË˜ÂÒÍËı ÍÓÎÂ·‡ÌËÈ w, ‡ Ú‡ÍÊÂ „ÂÓÏÂÚË˜ÂÒÍËı
Ë ÙËÁËÍÓ-ÏÂı‡ÌË˜ÂÒÍËı Ô‡‡ÏÂÚÓ‚ ÒÎÓÂ‚ – ÚÓÎ-
˘ËÌ˚ 2hk, ÔÎÓÚÌÓÒÚË rk, ÏÓ‰ÛÎfl Ò‰‚Ë„‡ mk, ÍÓ˝Ù-
ÙËˆËÂÌÚ‡ èÛ‡ÒÒÓÌ‡ nk, 
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ÑÎfl N ≥ 2 ËÏÂÂÏ ÂÍÛÂÌÚÌ˚Â ÒÓÓÚÌÓ¯ÂÌËfl
‰Îfl ‚˚˜ËÒÎÂÌËfl ÙÛÌÍˆËÈ (19), ÙÓÏËÛ˛˘Ëı
˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ˚ ÉËÌ‡ KN ÒÎÓËÒÚÓÈ ÒÂ‰˚:

(20)

ùÎÂÏÂÌÚ ÔÓÎÛ˜‡ÂÚÒfl ËÁ
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á‰ÂÒ¸ (i = 1, 2) ËÏÂ˛Ú ‚Ë‰

ùÎÂÏÂÌÚ ÔÓÎÛ˜‡ÂÚÒfl ËÁ ˆËÍÎË˜Â-
ÒÍÓÈ Á‡ÏÂÌÓÈ s11 ¤ s21.

ìÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ ÓÔÂ‰ÂÎËÚÂÎ¸ Ï‡ÚËˆ˚-ÒËÏ-
‚ÓÎ‡ ÉËÌ‡ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ Á‡‰‡˜Ë ‰Îfl Ô‡ÍÂÚ‡
N ÒÎÓÂ‚, ÊÂÒÚÍÓ ÒˆÂÔÎÂÌÌÓ„Ó Ò ÌÂ‰ÂÙÓÏËÛÂ-
Ï˚Ï ÓÒÌÓ‚‡ÌËÂÏ, ÔÂ‰ÒÚ‡‚ËÏ ‚ ‚Ë‰Â ÓÚÌÓ¯ÂÌËfl
ˆÂÎ˚ı ÙÛÌÍˆËÈ

(21)

„‰Â m = 1 Ë m = 2 ÓÚ‚Â˜‡˛Ú ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ Á‡-
‰‡˜‡Ï ‚ ‡ÌÚËÔÎÓÒÍÓÈ Ë ÔÎÓÒÍÓÈ ÔÓÒÚ‡ÌÓ‚Í‡ı.

èÓÎÛ˜ÂÌÌ˚Â ÔÂ‰ÒÚ‡‚ÎÂÌËfl ˝ÎÂÏÂÌÚÓ‚ 

Ë det KN (19)–(22) ÔÓÁ‚ÓÎfl˛Ú ˝ÙÙÂÍÚË‚ÌÓ ËÒ-

ÒÎÂ‰Ó‚‡Ú¸ ‰ËÒÔÂÒËÓÌÌ˚Â Ò‚ÓÈÒÚ‚‡ ÏÌÓ„ÓÒÎÓÈ-
ÌÓÈ ÒÂ‰˚, ÁÌ‡ÌËÂ ÍÓÚÓ˚ı ÌÂÓ·ıÓ‰ËÏÓ ÔË 
ÔÓÒÚÓÂÌËË Â¯ÂÌËÈ ÒËÒÚÂÏ ËÌÚÂ„‡Î¸Ì˚ı Û‡‚-
ÌÂÌËÈ ‰ËÌ‡ÏË˜ÂÒÍËı ÒÏÂ¯‡ÌÌ˚ı Á‡‰‡˜ ÏÂÚÓ‰ÓÏ
ÙËÍÚË‚ÌÓ„Ó ÔÓ„ÎÓ˘ÂÌËfl ËÎË Ù‡ÍÚÓËÁ‡ˆËË [1–5].
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RECURRENT  PROCEDURE  FOR  CALCULATION
OF  GREEN  MATRIX  ELEMENTS  

FOR  MULTILAYER  MEDIUM

O.D. Pryakhina, A.V. Smirnova

In the paper the first recurrence formulas, defining elements and a determinant of Green matrix-symbol
for a dynamic spatial problem about oscillations of the multilayer medium are obtained.
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